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Abstract

We consider a channel layout model in which we are free to change the spacing, but
not the ordering, of the components on the top and bottom of a routing channel. The goal
is to minimize channel density. Let n be the total number of terminals on top and bottom
components and let N£n be the number of nets. The main previous approach to this
problem used dynamic programming and restricted the potential locations for compo-
nents and their terminals to uniformly spaced grid points along a one-dimensional line.
The best current running time for such an algorithm is Q(L 2 logN), where L is the length
of the grid. To use such an algorithm in an environment where high-precision placement
is possible, however, one must have a very fine grid, with L growing as W(N 2 ) or worse.
Consequently, the running time could grow very large as a function of N. We prove a
key combinatorial lemma that implies that the run time for a grid-free dynamic program-
ming algorithm can be polynomially bounded. Based on this lemma, a naive O(n + N 5 )
algorithm is derived. We then show how this can be sped up to O(n + N 3 ) by computing
appropriately defined auxiliary functions. For special cases of the problem, with
restricted distributions of terminals and components, we can further reduce the running
time, in one case to O(n + N 2. 5 ) and in another to O(n + N 2 ).
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1. Introduction

This paper concerns the interaction between placement and routing in the context of
channel routing for VLSI. In channel routing, the terminals to be connected lie on com-
ponents placed along two parallel lines—the top and bottom of a common channel. See
Figure 1.1. The sets of terminals to be connected are called nets. The connections are to
be made using wires of a given, non-negligible width, and wires must be routed within
the space between the two lines (the channel). Typically a routing that minimizes the
distance needed between the two sides (the channel width) is desired. The quality of the
routings that can be obtained will of course depend on the locations of the components
along the top and bottom of the channel. To the extent that designers are free to shift
these locations, they may be able to improve on the channel widths they can attain.
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FIGURE 1.1. A routing channel, with terminals color-coded by nets.

In this paper we consider the situation in which the identities and the orderings of
the components along each side of the channel are fixed, but the exact positions (the lat-
eral placement) of the components may vary. That is, components can slide left and right
along their side of the channel, but may not jump over one another or switch sides.
Within each component, the terminals lie at fixed positions relative to the component
boundaries. Our basic problem is to find the lateral placement that allows us to construct
a routing that has minimum possible channel width.

This problem has a long history. The first results relating to it were obtained in the
rectilinear river routing model. This is a channel routing model in which all connections
must be made in a single planar layer. Each net consists of exactly two terminals, one on
the top of the channel and one on the bottom. Connections are paths of horizontal and
vertical line segments. The paths for two different nets must be at least a minimal (unit)
distance away from each other and are not allowed to intersect. In 1981, Dolev et al.
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[DKS81] showed that the offset problem (the special case in which there are just two
components, one on the top of the channel and one on the bottom) can be solved in time
O(n log n), where n is the number of terminals. This was extended to the full lateral
placement problem by Leiserson and Pinter [LePi83]. They gave an O(n) algorithm for
minimizing the channel length for a given width. Using binary search with this place-
ment algorithm as a subroutine, one can find the minimum width in time O(n log n).
(The time for the offset problem was subsequently improved to O(n) by Mirzaian
[Mirz87].)

As we begin to generalize the routing model, the problem appears to get more diffi-
cult. For instance, if we allow nets with more than two terminals or even simply two-
terminal nets with both terminals on the same side of the channel (but still require that
the connections be rectilinear and non-intersecting), the running time of the offset prob-
lem increases to O(n 2 log n) [GrSh95]. For general lateral placement under this model,
minimizing the channel length for a given width can be done in O(n 3 ) [Shih93], and
again, binary search can find the optimal width in O(n 3 logn). Generalizations to multi-
layer routing models, where interconnecting paths are allowed to intersect, face an even
greater obstacle: NP-completeness. For many models, even the problem of determining
the minimum achievable channel width for a given lateral placement (the separation

problem) is NP-hard. (Indeed, river routing and its more general planar channel routing
variants are among the few for which the separation problem is known to be solvable in
polynomial time [DKS81],[Tomp81],[GrMa92].) Among the models with separation
problems known to be NP-hard are Manhattan routing (with and without doglegs and
even if restricted to 2-terminal nets or to only single-sided nets) [LaPa80], [Szy85],
[GrJa92], as well as knock-knee routing [Sarr87], and many generalizations of these.
(For definitions of these routing models and a general survey of the area, see [LaPi90].)
Even computing the channel width that a particular routing algorithm will attain for a
given placement usually requires execution of the routing algorithm, which is typically
too time-consuming to do repeatedly during the placement process.

Fortunately, there is one important parameter of a placement that can be computed
simply and that is typically closely related to the minimum channel width attainable.
This is the density of the placement, the maximum number of nets that can be cut by a
vertical line through the channel, where we say a net is cut by a vertical line if the line
passes through a terminal belonging to the net or if the net contains terminals on both
sides of the line. When considering only density rather than actual routing, at most four
terminals per net are needed -- the leftmost top and bottom and rightmost top and bottom
terminals. We shall use notation N to denote the number of nets and retain n as denoting
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the number of terminals before preprocessing to remove extraneous terminals. In what
follows, we shall be assuming that the preprocessing needed to insure this property has
already been done. For those cases in which n >> N, an additional O(n) term should be
added to the running times we report (as we have already done in the abstract).

Density can be computed quickly, and does not depend on any particular routing
model, although it provides a fairly accurate measure for the minimum width that can be
achieved under a variety of such models, including Manhattan and knock-knee [LaPi90].
Indeed, many existing two-layer channel routers achieve widths that are usually within
one of the density-derived lower bound ([Deu76], [Pe76], [FiRi82], [BuPe83],
[LeWo85], [ReSa85], [YoKu82], [Yosh84]) Density is not the only lower bound for
channel width [BrRi81], [BBL84], but the rare situations in which the other lower bounds
exceed density are easy to recognize and can be dealt with separately. Thus it is a rea-
sonable approximation to our original problem to attempt to minimize density while per-
forming lateral placement, instead of trying to minimize channel width directly. This is
the problem we address in the remainder of this paper.

Variants and special cases of the density minimization problem have been studied
before. LaPaugh and Pinter [LaPi83] and independently Atallah and Hambrusch
[AtHa86] have shown that if there are just two components, one on the top and one on
the bottom of the channel, density can be minimized in time O(N 2 logN). (There are
essentially just O(N 2 ) relative placements of the two components to consider.) Gopal et
al. [GCW83] consider the case when individual terminals can move freely, providing an
O(n 2 ) algorithm. Dolev et al. [DKS81] mention the case analogous to river routing, in
which each net consists of one terminal on the top of the channel and one on the bottom,
and implicitly claim an O(N log N) algorithm.

The most general previous results are based on the work of Cai and Wong
[CaWo91], whose results recently have been improved by Greenberg and Shih [GrSh97].
Cai and Wong extend the model of [GCW83] to allow optional constraints on the dis-
tances between successive terminals on the same side of the channel (i.e., one may
require that the distance between terminal x and its successor be £, =, or ³ some con-
stant). Note that it is easy to model our problem using extra constraints of this sort. Cai
and Wong then add the restriction that terminals must be located at integral positions
along the channel (indeed, they allow a restricted set of position for each terminal), and
propose a grid-based dynamic programming algorithm, whose running time for our prob-
lem is O(L 3 ), where L is the length of the channel. Greenberg and Shih improve this
running time to O(L 2 logN) (but all integral positions must be allowed). The restriction
to integral (versus continuous) positions is not a major constraint, and indeed is satisfied
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by many technologies. However, the scale of the grid may have to be very fine if it is to
accurately reflect real terminal locations, even on a single component. Consequently, L

may have to be very much bigger than N. That is, at the resolution needed to represent
the positions of terminals, the number of nets may be very small with respect to the
lengths of components. For instance, a value for L that is at least W(N 2 ) is implicit in
the analyses of the two-component case mentioned above. Thus the running time of
Greenberg and Shih’s algorithm, when restated in terms of the number of nets, could well
be W(N 4 logN), if indeed it is bounded in terms of N at all.

In this paper we show that the general problem of finding a lateral placement that
minimizes density can be solved in O(N 3 ) time without discretization. Our algorithm is
based on dynamic programming and can handle arbitrary multi-terminal nets. While the
algorithm assumes that components can be positioned anywhere along each side of the
channel, commonly found restrictions to grid-aligned placements can be accommodated.
(See the discussion in Sections 2 and 8.)

Our paper is organized as follows. In Section 2 we specify our routing model more
precisely and justify its assumptions. As an illustration of a key technique used in the
more complicated algorithms to follow, we review in Section 3 the algorithm of
[LaPi83], [AtHa86] for the special case where there is but one component per side (the
offset problem). Section 4 then proves key lemmas for the multi-component case, with-
out which we could not even be sure that the problem could be solved in polynomial
time. In Section 5, we show how the lemmas of Section 4 imply the problem is
polynomial-time solvable, by using them to construct an O(N 5 ) algorithm. In Section 6
we show how additional observations and a careful reorganization of the computation can
speed this up to O(N 3 ). Section 7 then shows how further observations and data struc-
tures can yield an additional speedup in certain cases. As presented, the above three
algorithms only compute the minimum density, not a placement that realizes that mini-
mum. Once one knows the minimum density d, however, one can in O(N 3 ) time con-
struct a density-d placement of minimum length [ChLa92], and we shall say a bit more
about this in Section 8, which discusses variants on our problem, subsequent work that
has been based on our results, and directions for further research.
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2. Preliminaries

In this section we shall describe the simple placement model assumed by our algo-
rithm. This model omits many aspects of real-world placement problems, but such fac-
tors can typically be incorporated implicitly by appropriately transforming given real-
world instances into ones that fit the model, as we shall explain.

2.1. The Placement Model

The basic objects in our model are components, terminals, and nets. Components of
a circuit are often modeled as rectangles. However, since only one edge of each compo-
nent occupies a portion of the channel boundary, we model components as line segments.
Terminals on the components are modeled as points on the line segments. Nets are sets
of terminals. An instance of the lateral placement problem can be formally specified by
the following:

(1) An ordered set of line segments representing top components and an ordered set of
line segments representing bottom components. Let c t denote the number of top
components and c b denote the number of bottom components.

(2) For each line segment (component), a finite set of points on the segment, represent-
ing terminals. A terminal on a top (bottom) component is called a top (bottom) ter-
minal. Let n t denote the number of top terminals and n b denote the number of bot-
tom terminals. The position of a terminal on a component is defined to be the dis-
tance of that terminal from the left endpoint of the component.

(3) A partition of the set of terminals into a collection of disjoint non-empty sets called
nets. Each net must be interconnected by our routing. Let N denote the number of
nets.

We assume that instances obey the following restrictions:

(R1) Each net contains from two to four terminals, with at most two terminals on
either side.

(R2) Each component contains at least one terminal.

(R3) No endpoint of a component contains a terminal.

A lateral placement for such an instance is a placement of the components along
two parallel horizontal lines such that (a) the top (bottom) components are all placed
along the top (bottom) line and (b) the top (bottom) components appear in the specified
order from left to right along the top (bottom) line, and no two top (bottom) components
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overlap, except possibly at their adjacent endpoints. We shall say that the (absolute)

position of a terminal in a lateral placement is the x-coordinate of its location in that
placement. Top and bottom terminals are said to be aligned if they have the same posi-
tion (x-coordinate).

Given a placement P of a collection of components, let l P ( i) denote the leftmost
position of a terminal of net i and let r P ( i) denote the rightmost position of a terminal of
net i. The density at a position x is defined as:

d P (x) =
i = 1
S
N

d P ,i (x)

where d P ,i (x) is the contribution of net i to the density at x:

d P ,i (x) =

ì
ï
í
ï
î 0 otherwise

1 if l P ( i) £ x £ r P ( i) * * and l P ( i) ¹ r P ( i)

Note that a two-terminal net in which both terminals have the same absolute position x

under P does not contribute to the density at x. This is because the routing of such a net
need not use up any horizontal channel. The density of the placement is defined as:

d P =
x

max d P (x)

We wish to compute min {d P : P is a placement}.

2.2. Transforming Real-World Instances to Fit the Model

In real-world placement problems, instances are less restricted than in the above
model and typically placements are more restricted. Here is how to take account of some
of these differences by modifying the instance. First, let us consider restrictions (R1)
through (R3).

(R1): In real world instances, there may be no bound on the number of terminals in
a net. Note, however, that only the leftmost and rightmost terminal on each side of the
channel are of interest in the above density calculation. (For a particular side, leftmost
and rightmost are independent of the placement.) Also, nets that contain less than two
terminals are of no interest. Therefore, we can delete from our instance any terminal that
__________________
** For the knock-knee model, the inequality used is lP (i) £x < rP (i). Our algorithms can easily be modified to handle this
case.
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is not in a net of size two or greater, and all those terminals that are not the leftmost or
rightmost top or bottom terminals for their net.

(R2): Suppose there is a component without terminals, either because it came that
way originally or because its terminals were removed to satisfy (R1). Note that for the
purposes of our lateral placement problem, such a component serves only to keep the
components on either side of it separated by at least its length. Thus, we can remove a
component without terminals and add its length (plus any required separation) to the right
end of the component to its left. (If the component without terminals is the leftmost
component on its side of the channel, it is simply deleted.) We can iterate this modifica-
tion until no terminal-less components remain, and there will still be a correspondence
between lateral placements for original and modified instances that preserves density.

(R3) and Separation Constraints: For each circuit medium there is a set of design

rules which must be followed in laying out a circuit [LaPi90], [Wolf94]. These design
rules typically include lower bounds on the minimum separations allowed between termi-
nals and between components. Suppose that dterm and dcomp are these minimum separa-
tions (not necessarily the same value), and that at least dterm is non-zero. (There exist
multi-layer technologies in which dterm = 0 and terminals are allowed to overlap, but our
algorithms cannot handle these without significant modification.) We assume that the
terminals’ positions on components satisfy the terminal separation rules.

To insure the design rules are met and that (R3) holds, we modify our instance as
follows. For any pair of adjacent components on one side, say the i th and i + 1st , we
define their minimum separation, d( i ,i + 1 ), to be the maximum of (1) dcomp , and (2)
dterm minus the sum of the distance from the rightmost terminal on the i th component to
the right end of that component and the distance from the leftmost terminal on the i + 1st

component to the left end of that component. If d( i ,i + 1 ) = 0, so that the components
can abut, but the i th component has a terminal at its right endpoint (or analogously the
i + 1st component has a terminal at its left endpoint), then we modify the i th and i + 1st

components by adding length 1⁄2 dterm to the right end of the i th component and subtract-
ing 1⁄2 dterm from the left end of the i + 1st component (or analogously adding it to the left
end of the i + 1st component and subtracting it from from the right end of the i th compo-
nent). If d( i ,i + 1 ) > 0, then we add length 1⁄2 d( i ,i + 1 ) to the right end of the i th compo-
nent and the left end of the i + 1st component. To complete the assurance that (R3) holds,
we also add 1⁄2 dterm to the left ends of the leftmost components (top and bottom) and the
right ends of the rightmost components. Note that there remains a one-to-one correspon-
dence between placements for the original and modified instances that preserves density.

Wire Width: Another restriction on placements frequently imposed by design rules
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has to do with wire width. This is typically not zero as we assume in our basic model. In
nonzero-width cases, we represent each real terminal by two of our model’s terminals,
located at the left and right boundaries of the wire emerging from the real terminal, and
assign both to the net containing the real terminal. This conversion is performed at the
beginning of our transformation process, before we start deleting terminals to enforce
restriction (R1).

Grid Placement Restrictions: A final relevant restriction that might be imposed
by the design rules is that all components be aligned with a given grid. Although this
paper is specifically about gridless embeddings, one of our motivations is situations
where there is a grid, but one too refined for the grid-based algorithms cited in the Intro-
duction to be practical. In such situations, we assume that all components have lengths
that are integral multiples of the grid size, and each terminal’s distance from the left end-
point of its component is also an integral multiple of the grid size. (This property can
typically be maintained under the above instance transformations or modified versions of
them.) Given this property, the solutions our algorithms construct can be turned into grid
embeddings by simply moving each component leftward until it aligns with the grid. If
the grid size is sufficiently small that all terminals are at least one grid cell apart, this can
increase the density by at most 1. Instances unfortunately exist where this is unavoid-
able, i.e., where the optimal grid embedding has density one greater than the optimal
gridless embedding. Fortunately, although it appears we cannot modify instances so that
our algorithms yield optimal grid embeddings, we can modify our algorithms so that they
do. We shall say more about how this can be done in the Conclusion.

In what follows, we assume that preprocessing has been done and the instance obeys
restrictions (R1) through (R3). Note that if c, n, and N are the original numbers of com-
ponents, terminals, and nets, the overall time required for such preprocessing is
O(c + n + N), i.e., time linear in the original size of the instance. After the transforma-
tion, the number of nets will be no larger than N, and we will continue to represent it by
that symbol. Note for future reference that we will also have c b + c t £ n b + n t £ 4N.

3. The Special Case of One Component per Side

In this section we review the the special case of the lateral placement problem in
which there is only one component on each side of the channel, and sketch the algorith-
mic approach of [LaPi83] and [AtHa86] that solves it in time O(N 2 log N), and is not
given in complete detail in either of those references. In the process, we introduce ideas
that will be useful later when treating the general case.

Given such a two-component instance, the density of the channel depends only on
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the relative lateral positions of the components, i.e., the difference between the x-
coordinates of their left endpoints, which we call the channel’s offset. Thus we can nor-
malize our placements so that the left endpoint of the bottom component always has x-
coordinate 0. The offset is then the x-coordinate of the top component. It will be nega-
tive if the left end of the top component is to the left of the left end of the bottom compo-
nent and positive if it is to the right. Note that, depending on the offset, the density may
vary by as much as N, the number of nets. Figure 3.1 shows that even a small move-
ments can have a significant effect. In what follows, we shall identify a placement P

with its offset, calling the latter ‘‘P’’ as well. We shall say that an offset is to the left of
another if it is smaller.

12 354

41 2 3 5

12 354

41 2 3 5

Offset = 1,  d1 = 1 Offset = ±1,  d
 –1  = 3

Densities

0 1 1 0 1 1 1 0
1 1 1 1 1 1 1

0 1 1 0 1 2 3 1 0
1 1 32 3 11 1

Densities

FIGURE 3.1. The effect on density of a change in channel offset.

For a given offset P, the density d P (x) is a step function of x; it can only change at
the position of a terminal, i.e. the value of d P (x) is constant for all x between two adja-
cent terminals. For each terminal position v, let v + q denote a ‘‘typical’’ position
between v and the next terminal position to the right. (We do not need to worry about
positions x to the left of the leftmost terminal, as for these d P (x) will always be 0.) The
density function d P is thus determined by the values of d P (v) and d P (v + q) for each of
the O(N) terminal positions v.

Given the offset P and two sorted lists of terminals (one of the top terminals from
left to right and one of the bottom terminals from left to right), we can thus calculate d P

by calculating the incremental change to d P (x) along the channel while merging these
lists according to absolute positions. By our assumption that the left endpoint of the bot-
tom component has x-coordinate 0, we have that the absolute position of a bottom termi-
nal is the same as its position on the bottom component. The absolute position of a top
terminal is obtained by adding the offset P to its position on the top component. The
merge corresponds to a scan of the channel from left to right, beginning with the leftmost
absolute terminal position. At each absolute position v of a terminal, the values d P (v)
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and d P (v + q) are calculated. The calculation depends on the value of the density in the
interval immediately to the left of the position. One of the following three cases applies:

(i) There are two terminals at position v (i.e. the next absolute positions on the top and
bottom lists are the same) and both terminals belong to the same net.

(ii) There are two terminals at position v but the terminals belong to different nets.

(iii) There is one terminal at position v.

First consider case (i). If the terminals are the leftmost top and bottom of one net
and not the only two terminals of the net, then d P (x) increases by one at the terminal
position v and does not change at v + q. More formally, if u is the terminal position
immediately to the left of v (u = -  ¥ if v is the leftmost terminal position), then d P (v) =
d P (v + q) = d P (u + q) + 1. If the terminals are the rightmost top and bottom of the
same net and not the only two terminals of the net, then the density is unchanged at v, but
decreases by one at v + q. In all other configurations of case (i), the density is unchanged
at both v and v + q. For cases (ii) and (iii), we use the following rules to calculate the
change to d P (x): increase d P (x) by one at v for each terminal which is the absolute left-
most terminal of its net; decrease d P (x) by one at v + q for each terminal which is the
absolute rightmost terminal of its net. Thus if there is one leftmost terminal and one
rightmost terminal at v, d P (x) increases by one at v and decreases by one at v + q

(d P (v) = d P (u + q) + 1 and d P (v + q) = d P (v) - 1 = d P (u + q)). Assuming that
the appropriate net information is stored with each terminal, calculating d P (x) in this
way requires constant time per terminal position and total time O(N). The density of the
channel, d P , is calculated simply by keeping track of the maximum value of d P (x) over
all v and v + q.

The density calculation described above gives exactly the same result for two differ-
ent offsets unless some pair of terminals have changed their relative positions. Thus the
density d P , when viewed as a function of the offset P, is itself a step function. The
potential points of change for this function are the offsets where terminals are aligned.
Between each successive pair of such aligning offsets, say P i and P i + 1 , the density d P

remains constant, as it does to the right of the rightmost aligning offset and to the left of
the leftmost. We shall denote a ‘‘typical’’ offset in the interval to the right of P i by
‘‘P i + L,’’ with ‘‘- ¥ + L ’’ representing the typical offset to the left of the leftmost align-
ing offset, i.e., representing all those offsets that leave the rightmost top terminal to the
left of the leftmost bottom terminal.

We can thus restrict the search for an offset that minimizes density to a set of at
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most 2n b n t + 1 offsets: the at most n b n t aligning offsets, and the at most n b n t + 1
‘‘typical’’ offsets P + L, where P is an aligning offset or - ¥ . This suggests a straightfor-
ward O(N 3 ) algorithm for finding an offset that has minimum density: simply try all
O(n b n t ) = O(N 2 ) potentially distinct offsets, spending O(N) time per each to evaluate
its density. We now show how this process can be streamlined and its time bound
reduced to O(N 2 log N) by a second level of incremental updating.

Our algorithm for computing min P d P begins by calculating the density function
d P (x) for the leftmost offset P = - ¥ + L . It then computes the density functions for each
aligning offset P (and for the subsequent ‘‘typical’’ offset P + L), in order from the left-
most aligning offset (aligning the rightmost top terminal with the leftmost bottom termi-
nal) to the rightmost. Each computation involves only a minor modification to the previ-
ously computed density function. This, plus the fact that we only compute a summary
version of the density function, yields our computational savings.

Our summary version of the density function is maintained in two arrays, D and D q.
Array D has an entry for each bottom terminal b, with D[b] being the density at the cur-
rent absolute position of b. (By a slight abuse of notation, we shall identify a terminal
with its current absolute position.) Array D q has an entry for each terminal v, top and
bottom, with D q [v] = d p (v + q), the density in the interval immediately to the right of
the absolute position of v. See Figure 3.2, which give the values for D and D q at selected
top and bottom terminals. (We do not need to keep track of the density at the location of
a top terminal that is not aligned with a bottom terminal, as this must equal the density in
the interval immediately to its left or the density in the interval immediately to its right.)
In addition, to help speed the computation of the maximum density for a given offset, we
maintain an array C of counts, where C[ j] is the number of entries in D and D q that are
equal to j. (Note that when a top and bottom terminal are aligned, the density in the
interval to the right of the alignment position will be double-counted in C, once for each
of the aligned terminals.) Note that D, D q and C are all easily constructed in the linear
time computation that computes the density function for the initial offset - ¥ + q .

These data structures are subsequently updated in two different ways, depending on
whether we are obtaining the values for an aligning offset P or the following ‘‘typical’’
offset P + L. In each case we need modify only the array values D[b], D q [b], and
D q [ t] for each pair (b ,t) of bottom and top terminals that are aligned at offset P. (The
corresponding changes in the count array C can be made in time proportional to that for
the other updates.) We first describe how to perform the update for P, given that our data
structures currently reflect the density function at the ‘‘typical’’ offset Q + L immediately
to the left of P. Each aligned pair (b ,t) can be treated independently, since none of them
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FIGURE 3.2. An illustration of the definitions of D( ) and D q ( ).

interacts with the others. The modifications for a give pair (b ,t) are as follows. First,
note that the new values of D q [ t] and D q [b] are simply the old value of D q [b]: the
movement of t rightward into alignment with b eliminates the old interval between t and
b and the new interval to the right of t is simply the old interval to the right of b, which
remains unchanged. The following four cases govern the updating of D[b].:

(A1) Terminals b and t belong to the same net and are the only terminals belonging to
that net: D[b] decreases by one.

(A2) Terminals b and t belong to the same net but are not the only terminals belonging
to that net: D[b] remains unchanged.

(A3) Terminals b and t belong to different nets and t is the current rightmost terminal
of its net: D[b] increases by one.

(A4) Terminals b and t belong to different nets and t is not the current rightmost termi-
nal of its net: D[b] remains unchanged.

After these modifications have been performed for all the terminal pairs aligned at
offset P, we will have modified our data structures so that they accurately reflect the den-
sity function d P (x), all in time proportional to the number of alignments that occurred.
Moreover, the density d P is simply the maximum value with a non-zero count in C, and
since this cannot have changed by more than 1 from its previous value, it can be com-
puted in constant time.

Next we show how to update our data structures to reflect the ‘‘typical’’ offset
P + L, given that they currently reflect P. Again we can independently make the changes
corresponding to each pair (b ,t) aligned at P, the modifications here being made to take
account of the dissolution of the alignment as t moves to the right of b. Note that in this
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situation the value of D q [ t] will remain unchanged, but a new interval is created between
b and t, whose density becomes the new value for D q [b], and of course D[b] must be
updated. There are six cases, as follows:

(B1) Terminals b and t belong to the same net and are the only terminals belonging to
that net: Both D[b] and D q [b] are increased by one.

(B2) Terminals b and t are the rightmost top and bottom terminals of the same net, but
not the only terminals of that net: D[b] remains unchanged, but D q [b] is
increased by one.

(B3) Terminals b and t belong to the same net and at least one is the leftmost on its
side (without simultaneously being the rightmost): Both D[b] and D q [b] remain
unchanged.

(B4) Terminals b and t belong to different nets and t is the current rightmost terminal
of its net: D[b] remains unchanged, but D q [b] is increased by one.

(B5) Terminals b and t belong to different nets and t is the current leftmost terminal of
its net: Both D[b] and D q [b] are decreased by one.

(B6) Terminals b and t belong to different nets and t is neither the current leftmost nor
the current rightmost terminal in its net: Both D[b] and D q [b] remain
unchanged.

After these modifications have been performed for all the terminal pairs aligned at
offset P, we will have modified our data structures so that they accurately reflect the den-
sity function at the ‘‘typical’’ offset P + L. (And again we can compute the new value of
d P in constant time.)

Our overall algorithm can thus proceed as follows:

1. Compile a sorted list of all top terminals and a sorted list of all bottom terminals.
Store with each terminal (a) the name of the net that contains it and (b) its position
(leftmost, rightmost, or both) with respect to the terminals of that net on its side of
the channel.

2. Create a list of the n b n t triples (b ,t ,P), where b is a bottom terminal, t a top termi-
nal, and P is the offset that aligns them, sorted by increasing value of P.

3. Compute the values for the arrays D, D q and C at the ‘‘typical’’ offset - ¥ + L

where the rightmost top terminal is to the left of the leftmost bottom terminal. Cal-
culate the value of d - ¥ + L (the currently maximum j such that C[ j] > 0).

4. Initialize d min to equal d - ¥ + L .
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5. For each distinct aligning offset P, in order, do:

5.1 For each pair (b ,t) such that (b ,t ,P) is in our list of triples, perform the update
as described in cases (A1) through (A4), so that at the end the arrays D, D q,
and C describe the density function d P (x). Calculate the value of d P .

5.2 If d P < d min , set d min = d P , and set the list of (currently) best offsets to {P}.
If d P = d min , add P to the list of (currently) best offsets.

5.3 For each pair (b ,t) such that (b ,t ,P) is in our list of triples, perform the update
as described in cases (B1) through (B6), so that at the end the arrays D, D q,
and C describe the density function d P + L (x). Calculate the value of d P + L .

5.4 If d P + L < d min , set d min = d P + L , and set the list of (currently) best offsets to
{P + L}. If d P + L = d min , add P + L to the list of (currently) best offsets.

6. Halt and output the current value of d min and the list of offsets that achieve it.

(In practice, not all offsets may be feasible; for example only integral offsets may be
allowed. In such a case, the update Steps (5.1 and 5.3) still must be performed to yield a
correct calculation of d P (x); however, d min need only be updated (Steps 5.2 and 5.4) for
feasible offsets.)

Assuming the input consists of separate lists of terminals for each net, Step 1 takes
O(n b log n b + n t log n t ) time. Step 2 takes O(n b n t log (n b n t ) ) time. Step 3 takes time
O(n b + n t ) using the simple procedure for calculating the density at a fixed offset which
we discussed above. Step 4 takes constant time. As we showed above, the updating for
each pair of aligned terminals takes constant time; thus Step 5 takes total time O(n b n t )
overall. Finally Step 6 can take at most O(n b n t ) time. We thus see that our algorithm
to compute d min = min P d P (and to list the offsets achieving d min) takes time
O(n b n t log (n b n t ) ) = O(N 2 log N).

The complexity of the algorithm is dominated by Step 2, which can be viewed as a
preprocessing step to determine the order in which offsets should be considered. Each
offset is the difference between the positions of a top and a bottom terminal on their
respective components, so this step involves simply sorting the Cartesian difference of
two finite sets, A - B = { a - b ï aÎ A ,bÎ B }. If both such sets are of size N, the best
algorithm known for doing this is the straightforward one that computes all the differ-
ences and then sorts them in time O(N 2 log N) [ASY80], although the information-
theoretic lower bound for the problem does not rule out an O(N 2 ) algorithm [Fred76].
Since the rest of our procedure takes time O(N 2 ), a speedup in Step 2 would yield an
improvement in the overall running time without any modifications to the other steps. In
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particular, if terminals are at integral positions and L is the sum of the lengths of the two
components, a bucket sort using L buckets can accomplish Step 2 in
O(max(L ,n b n t ) ) = O(max(L ,N 2 ) ). The algorithm would then have running time
O(max(L ,N 2 ) ).

4. Dynamic Programming Preliminaries for the General Case

We now consider the general case of the lateral placement problem, in which both
the top and the bottom of the channel contain more than one component. Note that it is
not at first obvious that this case is polynomial-time solvable. Unlike the case where
there is but one component on the top and one on the bottom, here there is the potential
for an exponential number of distinct configurations (i.e., ones that differ with respect to
the relative placement of top and bottom terminals). For instance, suppose there are n /4
components on both top and bottom, each containing two terminals. Then even if we
overlap the ith top component with the ith bottom component, 1 £ i £ n /4, and do not
allow any other overlaps, there would still be 4n /4 distinct configurations.

Fortunately, we do not have to consider all the possible configurations explicitly. In
this section we introduce an auxiliary density function Dl ,r

p ,q that will be the key to cutting
down the cases we need to consider, and that can be efficiently computed using dynamic
programming. In order to define this function, we first need to specify two total orders
on what we shall call the alignment points of the channel. One order covers the align-
ment points on the top of the channel, the other covers those on the bottom.

Suppose the bottom components are K1
b , K2

b , . . . , Kc b
b . Let bl( i) and br( i) be the

left and right endpoints of Ki
b , 1 £ i £ c b , and let br( 0 ) and bl(c b + 1 ) be pseudo-points.

(See Figure 4.1.) Let E b denote the set of these 2c b + 2 endpoints of bottom compo-
nents, and let T b denote the set of terminals on the bottom components. Note that by
Property (R3) of Section 2, E b and T b are disjoint. The alignment points for the bottom
of the channel are simply the members of the set A b = E b È T b , each of which we shall
refer to as an active site for the bottom.

The alignment ordering <b for these points is the natural one given as follows: If x

and y are points on the same component with x to the left of y, then x <b y. If x is on
component Ki

b and y is on Kj
b , i < j, then x <b y. Finally, br( 0 ) is less than all other

points and bl(c b + 1 ) is greater than all other points. We shall often drop the subscript on
<b when no confusion will result, and will say that x is to the left of y (in the alignment
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bl(1) bl(cb)bl(i)bl(2)br(1) br(2) br(i) br(cb)

K1
b K2

b Ki
b Kcb

b

br(0) bl(cb+1)

FIGURE 4.1. Components and alignment points on the bottom of the channel.

order) when x <b y. Note that in any placement, the absolute position of x will have to
be to the left of the absolute position of y whenever x <b y, except in the case where
x = br( i) and y = bl( i + 1 ), 0 £ i < c b , in which case the two points may coincide (have
the same absolute position). The following two auxiliary definitions will be of use in
what follows:

Definition. If x is a bottom alignment point other than bl(c b + 1 ), then succ(x) is
the immediate successor of x under <b .

Definition. If l ,r Î A b and l <b r, then we say that [l ,r] is a bottom alignment

interval.

The set A t of alignment points for the top of the channel is a greatly expanded ana-
logue of A b . (See Figure 4.2.) First we have two sets of active sites, E t and T t , analo-
gous to the active sites of the bottom: Suppose the top components are K1

t , K2
t , . . . , Kc t

t .

The set E t of top endpoints then consists of the left and right endpoints tl( i) and tr( i) of
the components, 1 £ i £ c t , together with the pseudo-points tr( 0 ) and tl(c t + 1 ). The set
T t consists of all the terminals that are contained in the c t top components.

K1
t K2

t Kct

tKi
t

tl(1) tl(ct)tl(i)tl(2)tr(1) tr(2) tr(i) tr(ct)

tr(ct)+D = tl(ct+1)tr(0) = tr(0)+D tr(1)+D tr(2)+D tr(i-1)+D tr(i)+D tr(ct-1)+D

FIGURE 4.2. Components and alignment points on the top of the channel.

In addition to the top active sites, A t contains the following two classes of points:
First, recalling that each component is in essence a line segment, we include the (infinite)
set of all points on the closed line segment Ki

t , for each i, 1 £ i £ c t . These will infor-
mally be referred to as the component points for the top, and note that they include all
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points of T t and E t except the pseudopoints tr( 0 ) and tl(c t + 1 ). Second, our top align-
ment points will include, for each i, 1 £ i < c t , a special ‘‘gap representative’’ point
‘‘tr( i) + D’’ that is meant to correspond to the (potential) gap between components Ki

t

and Ki + 1
t . (For notational convenience we shall also on occasion refer to ‘‘tr( 0 ) + D’’

and ‘‘tr(c t ) + D’’ in what follows, treating these as synonyms for tr( 0 ) and tl(c t + 1 ).)
This completes the description of the set A t of alignment points for the top of the chan-
nel, the formal definition being

A t =
i = 1
È
c t

Ki
t È { tr( 0 ) ,tl(c t + 1 ) } È { tr( i) + D: 1 £ i < c t }

The alignment ordering of these points < t is then given as follows: If x and y are points
on the same top component with x to the left of y, then x < t y. If x is on component Ki

t

and y is on Kj
t , i < j, then x < t y. Finally, tr( 0 ) = tr( 0 ) + D is less than everything else,

tl(c t + 1 ) = tr(c t ) + D is greater than everything else, and tr( i) < t tr( i) + D <t tl( i + 1 )
for all i, 1 £ i < c t .

Definition. If p ,q Î A t and p £ t q, then we say that [p ,q] is a top alignment inter-

val.

Note that here, in contrast to the case with bottom alignment intervals, we allow the
degenerate case where p = q.

The two orderings <b and < t have disjoint domains. The alignment points of A b

and A t only interact when we consider placements of the components. In a given place-
ment P, the alignment points x are naturally ordered by their absolute positions P(x)
along the channel. For points on components, this means that a point x on the top is to
the left of a point y on the bottom if P(x) < P(y), it is to the right if P(x) > P(y), and it
is aligned if P(x) = P(y). By convention, we assume that in any placement the top
pseudo-point tr( 0 ) is ‘‘aligned’’ with all bottom points that are to the left of tl( 1 ) in the
placement, the top pseudo-point tl(c t + 1 ) is aligned with all bottom points that are to the
right of tr(c t ) in the placement. (The bottom pseudo-points br( 0 ) and bl(c b + 1 ), on the
other hand, are always considered to be aligned only with their counterparts tr( 0 ) and
tl(c t + 1 ) respectively.) A gap representative point tr( i) + D, 1 £ i < c t , is deemed to be
to the left of a bottom point y if P( tl( i + 1 ) ) £ P(y); it is deemed to be to the right of y if
P( tr( i) ) ³ P(y). It is deemed to be ‘‘aligned’’ with with y if
P( tr( i) ) < P(y) < P( tl( i + 1 ) ). Note that if P( tr( i) ) = P( tl( i + 1 ) ), which occurs
when components Ki

t and Ki + 1
t abut against each other in the placement, then technically

the gap point tr( i) + D is not aligned with anything. (In essence, it does not exist in this
case.)
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We are now prepared to define our auxiliary density function Dl ,r
p ,q .

Definition. Suppose [l ,r] is a bottom alignment interval and p and q are top align-
ment points. Dl ,r

p ,q is the minimum, over all placements P in which p is aligned with l and
q is aligned with r, of the maximum density occurring in the closed interval [P( l) ,P(r) ].
If there is no possible placement that has the given alignments (for instance, when
p > t q), then Dl ,r

p ,q = ¥ .

As a visual key to remembering this definition, note that in Dl ,r
p ,q , the subscripts are

bottom points, the superscripts are top points, and the placements of interest are precisely
those in which the corresponding sub- and superscripts are aligned. Note that the quan-
tity we ultimately wish to compute, the minimum possible maximum density, over all

placements, is simply Dbr( 0 ) ,bl(c b + 1 )
tr( 0 ) ,tl(c t + 1 ) .

In determining whether Dl ,r
p ,q = ¥ , we will be aided by the auxiliary functions

sep(s ,t) and minsep(s ,t). These are defined for pairs of points on the same side of the
channel, with s to the left of t under the appropriate alignment order. The function
sep(s ,t) is defined only when s and t are on the same component, and in that case gives
the (fixed) distance between the two points, measured along the component. The func-
tion minsep(s ,t) gives the minimum possible distance between the two points under any
placement. More precisely, suppose s and t are on bottom components (the definition is
analogous if they are on top components). If s and t are on the same component,
minsep(s ,t) = sep(s ,t). Otherwise, suppose s is on component Ki

b and t is on Kj
b , i < j.

Then

minsep(s ,t) = sep(s ,br( i) ) +
h = i + 1
S

j - 1
sep(bl(h) ,br(h) ) + sep(bl( j) ,t) .

Note that this is the distance between s and t in the minimum separation configuration in
which no gaps are left between any of the components on the given side of the channel.
We extend the definition of minsep to the two top pseudo-points in the natural way by
letting minsep( tr( 0 ) ,t) = minsep( tl( 1 ) ,t) and minsep(s ,tl(c t + 1 ) ) = minsep(s ,tr(c t ) ).
The extension to gap points is similar: Assuming the respective points are appropriately
ordered under the top alignment order, minsep(s ,tr( j) + D) = minsep(s ,tr( j) ),
minsep( tr( j) + D,t) = minsep( tr( j) ,t); and minsep( tr( i) + D,tr( j) + D) =
minsep( tr( i) ,tr( j) ).

The following lemma is an immediate consequence of the definitions. In it, we use
the phrase ‘‘l and r are on different components’’ as a shorthand for ‘‘one (or both) of l

and r is a pseudo-point, or l and r are on different components.’’
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Lemma 4.1. Let [l ,r] and [p ,q] be bottom and top alignment intervals, respec-
tively.

(1) Suppose both p and q are points on top components. Then Dl ,r
p ,q < ¥ if and only if

(a) l and r are on different components and so are p and q, or

(b) l and r are on the same component, p and q are on different components, and
minsep(p ,q) £ sep( l ,r), or

(c) l and r are on different components, p and q are on the same component, and
minsep( l ,r) £ sep(p ,q).

(d) l and r are on the same component, p and q are on the same component, and
sep( l ,r) = sep(p ,q).

(2) Suppose p is a point on a top component and q = tr( j) + Dfor some j, or q is a
point on a top component and p = tr( j) + Dfor some j. Then Dl ,r

p ,q < ¥ if and only
if

(a) l and r are on different components, or

(b) l and r are on the same component and minsep(p ,q) < sep( l ,r)

(3) Suppose p = tr( i) + Dand q = tr( j) + Dfor i £ j. Then Dl ,r
p ,q < ¥ if and only if

(a) l and r are on different components, or

(b) l and r are on the same component, i ¹ j, and minsep(p ,q) < sep( l ,r), or

(c) i = j (i.e., tr( i) + D = tr( j) + D).

Figures 4.3 and 4.4 provide a geometric illustration of what we shall call ‘‘p ,q-
space,’’ i.e., the two dimensional set {(p ,q) : p ,q Î A t and p £ t q} with one point for
each top alignment interval. Figure 4.3 covers the case when l and r are on the same
component and Figure 4.4 covers the case when l and r are on different components. In
these figures, the geometric coordinate for a point x is its distance from tr( 0 ) as mea-
sured in the minimum separation configuration for top components. More specifically, x

has coordinate minsep( tr( 0 ) ,x). Thus the representation of the pair (p ,q) is located at
position (minsep( tr( 0 ) ,p) ,minsep( tr( 0 ) ,q) ). The endpoints of components are indi-
cated by solid horizontal and vertical lines, with the horizontal lines through ( 0 ,tr( i) )
and ( 0 ,tl( i + 1 ) ) coinciding for each i, 0 £ i £ c t , as do the vertical lines through
( tr( i) , 0 ) and (tl( i + 1 ) , 0 ). (The dashed lines in the figures will be explained later and
should be ignored for now.)

Note that in this representation, distinct pairs in p ,q-space may have the same geo-
metric coordinates, since for instance minsep( tr( 0 ) ,tr( i) ) = minsep( tr( 0 ) ,tr( i) + D) =
minsep( tr( 0 ) ,tl( i + 1 ) ) for 1 £ i < c t . We shall, however, continue to think of tr( i) + D
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minsep(l,r)

p-axis

q-axis

FIGURE 4.3. Diagram of p ,q-space when l and r are on the same component.

minsep(l,r)

q-axis

p-axis

FIGURE 4.4. Diagram of p ,q-space when l and r are on different components.
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as distinct and lying between tr( i) and tl( i + 1 ), thus introducing a form of discontinuity
in the geometric representation of p ,q-space at such points. Figure 4.5 offers a micro-
scopic view of the vicinity of the representation of the pair (tr( i) ,tr( j) ), which in this
view actually corresponds to nine different pairs of top alignment points.

)))

·
(tr(i)+D, tr(j)+D)tr(j)+D

tr(j)

tl(j+1)
tr

(i
)+

D

tr
(i

)

tl(
i+

1)

···

·

· · ·

·

)

)

)

)

)

)

)))

FIGURE 4.5. The vicinity of the pair (tr( i) ,tr( j) ) in p ,q-space.

We have also included the line q = p + minsep( l ,r) in Figures 4.3 and 4.4. The
shaded areas in the figures (and the heavily marked segments of the q = p + minsep( l ,r)
line) indicate the regions in which Dl ,r

p ,q < ¥ for pairs (p ,q) both of whose members are
component points rather than gap points. Lemma 4.1 tells us that when l and r are on the
same component (Figure 4.3), we must have minsep(p ,q) £ sep( l ,r) if Dl ,r

p ,q is to be
finite, and when l and r are on different components (Figure 4.4), Dl ,r

p ,q < ¥ except when
p and q are on the same component and minsep( l ,r) > sep(p ,q). (In the figures, p and q

are on the same component if and only if the point (p ,q) lies in one of the minimal right
triangles whose hypotenuses are on the q = p line and whose other sides are segments of
solid horizontal and vertical lines.)

Our task now is to find some compact way of representing the values of Dl ,r
p ,q . In

analogy with our results for the offset problem, we will show that Dl ,r
* ,* is in a sense a

step function, and hence can be represented simply by providing information about the
location of the steps and the function’s values at and between them. (We use the notation
‘‘* ’’ for a position to denote the density function defined by letting that position vary.)
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For this representation, we will need a 2-dimensional analog of the standard 1-
dimensional step function. What we shall show is that p ,q-space can be partitioned into
two-dimensional regions, line segments, and intersection points, on each of which the
function Dl ,r

* ,* is essentially constant. This partitioning will be by horizontal and vertical
‘‘lines of potential change’’ (the dashed lines in Figures 4.3 and 4.4) that further refine
the partitioning of p ,q-space by the solid lines in those figures. The fixed p and q coordi-
nates of these lines will be called potential points of change, and there will be two sets of
them, one for p and one for q.

Definition. Let [l ,r] be a bottom alignment interval. Then the set of potential right

points of change for [ l ,r], denoted by R l ,r , consists of all points q on top components
such that one of the following two properties hold

(a) there exists an x Î E t È T t with x £ q that is on the same component as q,
and a bottom alignment point s, l £ s £ r, such that sep(x ,q) = minsep(s ,r),
or

(b) there exists an x Î E t È T t with x £ q, not necessarily on the same compo-
nent as q, and a bottom alignment point s, l £ s £ r, on the same component as
r, such that minsep(x ,q) = sep(s ,r).

The pair of points x and s are called a defining alignment for point q in R l ,r .

l r

p q

Terminal Alignment

FIGURE 4.6. One type of alignment that causes q to be added to R l ,r .

Note that this is equivalent to saying that if one takes minimum separation configu-
rations for top and bottom and aligns them so that q is above r, then there will be an s Î

(E b È T b ) Ç [ l ,r] on the bottom that is aligned with an endpoint or terminal x £ q on
the top, with either s on the same component as r or x on the same component as q. (See
Figure 4.6.) The set L l ,r of potential left points of change for [ l ,r] is defined analo-
gously, with the minimum separation configurations placed so that p is above l. Note
that all members of E t È T t are by definition in both L l ,r and R l ,r (because l and r must
be in E b È T b if [l ,r] is to be an alignment interval). Bounds on the sizes of L l ,r and
R l ,r are easy to determine:
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Lemma 4.2. Suppose [l ,r] is a bottom alignment interval and let m l ,r =

ï [ l ,r] Ç (E b È T b )ï. Then ï L l ,rï = O(n t
.m l ,r ) and ï R l ,rï = O(n t

.m l ,r ). This upper
bound is O(N 2 ) in general and O(N) when l and r are consecutive bottom alignment
points.

Proof. Each potential left or right point of change derives from a possible align-
ment of a member of E t È T t with a member of E b È T b lying in the closed bottom
interval bounded by l and r. At most one left (right) point of change can derive from
each such alignment. The set E t È T t is of size O(n t ) = O(N) by assumption (R1) of
Section 2, and the set E b È T b is of size O(n b ) = O(N).

Definition. The (l ,r)-partition of p ,q-space is that induced by all the horizontal
and vertical lines whose fixed p-coordinates (q-coordinates) are gap points or members of
L l ,r (R l ,r). This partition divides the points of p ,q-space into three types of sets: single-
element sets (intersection points) representing the intersections of the above lines, open
line segments (segments) representing the parts of the lines between consecutive intersec-
tion points, and open regions (triangles, rectangles, and an occasional pentagon) bounded
by the above lines (and possibly the p = q line) but containing no points from any such
lines.

We claimed above that Dl ,r
* ,* would be essentially constant on all the segments and

regions of the partition. We said ‘‘essentially’’ because for one particular type of region
we have to settle for two values, one finite and one infinite. To explain this, we first
introduce the concept of a critical pair.

Definition. A pair p ,q of top alignment points with p < t q is a critical pair for a
bottom alignment interval [l ,r] if and only if minsep(p ,q) = minsep( l ,r) and either l

and r are on the same bottom component or p and q are on the same top component.

Note that critical pairs lie on the q = p + minsep( l ,r) line, although only certain
segments of that line will consist of critical pairs when l and r lie on different compo-
nents. In light of Lemma 4.1, the question of whether a segment or region contains a crit-
ical pair is key to the question of whether Dl ,r

* ,* can take on both finite and infinite values
in that segment or region. The next two lemmas describe how the presence of critical
pairs in segments and regions is constrained. The first implies that no segment can con-
tain a critical pair, since critical points on lines of potential change can only occur at
intersection points of the partition.

Lemma 4.3. If (p ,q) is a critical pair for a bottom alignment interval [l ,r], then
p Î L l ,r if and only if q Î R l ,r .

Proof. Suppose p Î L l ,r . We shall show q Î R l ,r . The proof of the converse is
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similar. Since p Î L l ,r , we know by definition that if we place the bottom and top mini-
mum separation configurations so that p is aligned with l, there will be an alignment of a
member of E t È T t with a bottom terminal in [l ,r]. But note that since
q = p + minsep( l ,r), this placement must also align q with r. Hence we must by defini-
tion have q Î R l ,r , since at least one of the pairs p ,q and l ,r are on the same component
by definition of critical pair.

Lemma 4.4. Suppose p 0 , p 1 Î L l ,r and q 0 , q 1 Î R l ,r , where p 1 and q 1 are the
immediate successors of p 0 and q 0 in L l ,r and R l ,r respectively. Let U be an open
region of the (l ,r)-partition consisting of pairs (p ,q) satisfying p < q, p 0 < p < p 1 , and
q 0 < q < q 1 . Then if U contains a critical pair, that pair lies on the diagonal line seg-
ment between (p 0 ,q 0 ) and (p 1 ,q 1 ), and all pairs on that line segment are critical pairs.

Proof. Let the critical pair be (s ,t). Then by definition, (s ,t) must lie on the
q = p + minsep( l ,r) line. Now the points (p ,q) on the intersection of that line with the
region must either all have p and q on the same component or all have p and q on differ-
ent components. (Otherwise there would have to be a member of L l ,r between p 0 and p 1

or a member of R l ,r between q 0 and q 1 .) If the former, then by definition they are all
critical pairs. If the latter, then for (s ,t) to be a critical pair, it must be the case that l and
r are on the same bottom component, and again by definition all points on the intersec-
tion of U with the q = p + minsep( l ,r) line must be critical pairs. By the previous
lemma, the intersections of the q = p + minsep( l ,r) line with the boundaries of U

(which will also be critical pairs) cannot occur in the interior of the bounding segments,
and so must be at the corners of the region. Since the line has positive slope, those cor-
ners must be (p 0 ,q 0 ) and (p 1 ,q 1 ).

We shall call the line segment described in Lemma 4.4 a critical diagonal, and the
open region region containing it a critical region. Reinterpreting Lemma 4.1 in terms of
Lemmas 4.3 and 4.4 and the above definitions, we have the following proposition.

Proposition 4.1. For any line segment and for any region U of the (l ,r)-partition
that does not contain a critical pair, Dl ,r

* ,* is either finite for all pairs in U or infinite for all
pairs in U. If a region U contains a critical pair, it has a critical diagonal, and the division
of its pairs into those with finite and infinite values for Dl ,r

* ,* is as follows:

(a) If U is a same-component region (for all pairs (p ,q) in U, p and q are on the same
component) and l and r are on the same component, then Dl ,r

* ,* < ¥ only on the crit-
ical diagonal.

(b) If U is a same-component region and l and r are on different components, then
Dl ,r

* ,* < ¥ only for points of U on or above the critical diagonal.
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(c) If U is a different-component region and l and r are on the same component, then
Dl ,r

* ,* < ¥ only for points of U on or below the critical diagonal.

Our goal is now to prove the following second proposition:

Proposition 4.2. Dl ,r
* ,* is constant on each line segment of the (l ,r)-partition and on

each region U that does not contain a critical pair. For a region U that does contain a crit-
ical pair, Dl ,r

* ,* takes on only one non-infinite value.

Proof. The proof depends on the following key technical result.

Lemma 4.5. Suppose [l ,r] is a bottom alignment interval.

(a) Let q 1 and q 2 be two consecutive points in R l ,r that are on the same component.
Then for any top positions x 1 and x 2 such that q 1 < x 1 < x 2 < q 2 and for all top

alignment points p £ x 1 such that both Dl ,r
p ,x 1 < ¥ and Dl ,r

p ,x 2 < ¥ , we have Dl ,r
p ,x 1 =

Dl ,r
p ,x 2 .

(b) Let p 1 and p 2 be two consecutive points in L l ,r that are on the same component.
Then for any top positions x 1 and x 2 such that p 1 < x 1 < x 2 < p 2 and for all top

alignment points q ³ x 2 such that both Dl ,r
x 1 ,q < ¥ and Dl ,r

x 2 ,q < ¥ , we have Dl ,r
x 2 ,q =

Dl ,r
x 1 ,q .

Proof. The proofs of (a) and (b) are analogous. We shall prove (a). The proof is by

contradiction, so assume Dl ,r
p ,x 1 ¹ Dl ,r

p ,x 2 . There are two cases, depending on whether

Dl ,r
p ,x 1 > Dl ,r

p ,x 2 or whether Dl ,r
p ,x 1 < Dl ,r

p ,x 2 .

Our general approach will be to transform an optimal configuration in which x 2 is
aligned with r into one in which x 1 is aligned with r, or vice versa. We do this by sliding
a top or bottom component (among those components overlapping the [l ,r] interval in
the configuration) either leftward or rightward. (See Figure 4.7.) When sliding such a
component left, it may collide with a second component before we are finished moving
it. In this case, we start sliding both components simultaneously, keeping them in con-
tact with each other (abutting); we can think of this as the first component pushing the
second. Again, we may collide with a third component before we reach the conditions
we want, and we continue moving all three. In this way we may move an ever-increasing
sequence of abutting adjacent components leftward. We will refer to this as ‘‘pushing a
component and subsequent abutting components.’’

Let Ki
t be the component that contains q 1 and q 2 , and hence also x 1 and x 2 .

(Case 1). Dl ,r
p ,x 1 > Dl ,r

p ,x 2 .

We wish to transform an optimal configuration for x 2 into one for x 1 . We do this by
pushing the bottom component containing r to the left, while keeping the positions of all
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FIGURE 4.7. Pushing a component and subsequent abutting components.

top components fixed. We begin with any configuration achieving Dl ,r
p ,x 2 and push the

bottom component containing r and subsequent abutting components until the first time
at which one of the following list of alternatives occurs, with ties broken according to the
order of the list:

(1) The density of the configuration in the interval [l ,r] changes, or

(2) Point r is aligned with x 1 , or

(3) If p is on Ki
t (i.e., p ³ tl( i)), all bottom components from the one containing r to the

one containing l abut (see Figure 4.8a), or

(4) If p < tl( i), the sequence of abutting components going left from the one containing
r extends at least to the position of tl( i) in the configuration (see Figure 4.8b).

First note that alternative (2) will eventually occur if none of the others do, so we
can be assured the pushing process will terminate. What we must show is that each
option either implies a contradiction directly or else implies the existence of a configura-
tion in which l is aligned with p, x 1 is aligned with r, and the overall density is equal to

Dl ,r
p ,x 2 , contradicting the basic assumption of this Case that Dl ,r

p ,x 1 > Dl ,r
p ,x 2 .

Suppose (1) is the first to occur. Since the density of a configuration between l and
r is completely determined by the combined order of appearance of top and bottom termi-
nals between the positions of l and r, with alignments taken into account, the change
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FIGURE 4.8. Illustrations for proof of Case 1 of Lemma 4.5.

must have occurred when some top and bottom terminals changed their relative positions,
say x on top and s on the bottom. For the terminals to have changed their relative posi-
tions, they must have gone into or out of alignment. The fact that neither alternative (3)
nor (4) has occurred previously insures that x must be located on Ki

t and s must be
located on the sequence of contiguous components being pushed on the bottom. Let q be
the top point that is aligned with r when x is aligned with s. Then we have
sep(x ,q) = minsep(s ,r) and so q Î R l ,r by definition. Furthermore, since (2) has not
previously occurred, we must also have x 1 £ q £ x 2 . By our initial hypothesis about x 1

and x 2 , this means there is an element of R l ,r strictly between q 1 and q 2 , contradicting
our choice of q 1 and q 2 .

Suppose we stop because of (2), and (1) does not occur simultaneously. Then we
have found a configuration in which x 1 is aligned with r, p is aligned with l, and the den-

sity is Dl ,r
p ,x 2 , the desired contradiction mentioned above.

Suppose we stop because of (3) and neither (1) nor (2) occurs simultaneously. Then
r must be aligned with a top position x to the right of x 1 for which
sep(p ,x) = minsep( l ,r). Then sep(p ,x 1 ) < sep(p ,x) = minsep( l ,r). But by Lemma

4.1(1c) this implies Dl ,r
p ,x 1 = ¥ , contrary to hypothesis.

Finally, suppose we stop because of (4) and neither (1) nor (2) occurs
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simultaneously. In this case we freeze the positions of the bottom components and begin
to push component Ki

t to the right, proceeding until either the density of the configuration
in the interval [l ,r] changes or x 1 is aligned with r. Note that during this pushing pro-
cess, x 1 will never encounter a gap between components on the bottom, since by (4) the
bottom of the channel is now a solid mass of abutting components from r to the left end
of Ki

t . (See Figure 4.8c.) If the density changes first (or changes simultaneously with the
alignment of x 1 with r), we have the same conclusions as for alternative (1) above. If we
succeed in aligning x 1 with r without changing the density, we have the same conclu-
sions as for condition (2) above. In both cases we have the needed contradiction.

(Case 2). Dl ,r
p ,x 1 < Dl ,r

p ,x 2 .

The proof is similar to that for Case 1, although this time we must transform an optimal
configuration for x 1 into one for x 2 . We do this by pushing a top component instead of a
bottom one, and as we shall see this makes part of the argument a bit more complex.
Suppose that the bottom component containing r is Kj

b . We begin with any configuration

achieving Dl ,r
p ,x 1 . Fixing the placement of bottom components, we move the top compo-

nent Ki
t containing x 1 and x 2 to the left, pushing any subsequent abutting components

until the first time at which one of the following list of alternatives occurs:

(1) The density of the configuration changes in the interval [l ,r], or

(2) Point r is aligned with x 2 , or

(3) If l is on the same component Kj
b as r (i.e., l ³ bl( j)), all the top components from

Ki
t leftward to the one containing p abut (if p is on a component), or, if p is tr(k) + D

for some k < i (using our shorthand that tr( 0 ) + D = tr( 0 )), all the top components
from Ki

t leftward to Kk + 1
t abut and tl(k + 1 ) is aligned with l, or

(4) If l < bl( j), the sequence of abutting components going left from Ki
t extends at

least as far as the position of bl( j) in the configuration.

As before, termination is assured, with condition (2) being the last resort. Also as
before, if we stop because of (1), this implies the existence of an element of R l ,r in the
interval (q 1 ,q 2 ), contradicting our choice of q 1 and q 2 . If we stop because of (2), we

can conclude that Dl ,r
p ,x 1 ³ Dl ,r

p ,x 2 , contradicting the assumption for Case 2.

Suppose we stop because of (3) and neither (1) nor (2) occurs at the same time. Let
us consider separately the cases where p is a point on a component and where
p = tr(k) + D for some k, 0 £ k < i. In the case where p is a component point, we pro-
ceed as before: r must be aligned with a top position x to the left of x 2 for which
minsep(p ,x) = sep( l ,r). Then minsep(p ,x 2 ) > minsep(p ,x) = sep( l ,r). But by Lemma

4.1(1c), this implies Dl ,r
p ,x 2 = ¥ , contrary to hypothesis. If p = tr(k) + D, r must be
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aligned with a top position x to the left of x 2 for which minsep( tl(k + 1 ) ,x) = sep( l ,r).
But since by definition minsep(p ,x 2 ) = minsep( tl(k + 1 ) ,x 2 ), this means that

minsep(p ,x 2 ) > minsep( tl(k + 1 ) ,x) = sep( l ,r), and so again Dl ,r
p ,x 2 = ¥ , contrary to

hypothesis.

l

p = tr(k)+D

r

x2x1

l r

p = tr(k)+D
x2x1

l r

p = tr(k)+D
x2x1

FIGURE 4.9. Illustration for proof of Case 2 of Lemma 4.5.

Finally, suppose we stop because of (4) and neither (1) nor (2) occurs simultane-
ously. Unlike the analogous situation in Case 1, here there is a possibility that this condi-
tion might cause p to go out of alignment with l. This can happen only as in Figure 4.9,
however, where p is tr(k) + D, 0 £ k < i, l = br( j - 1 ), and the bottom components Kj - 1

b

and Kj
b abut in the original optimal configuration for x 1 . In this case, the gap point p

would be forced out of alignment with l when (4) occurred, since a point on a component
(tl(k + 1 )) would now be aligned with l = br( j - 1 ) (which is coincident with bl( j)).
Note, however that no terminals would be coincident with bl( j) on top or bottom, just
component endpoints, which by assumption (R3) of Section 2 cannot be terminals. Thus
we can simultaneously shift all the bottom components from K1

b through Kj - 1
b and the

top components from K1
t through Kk - 1

t leftward without affecting the density of the con-
figuration, and in doing so restore the alignment of p with l (again see Figure 4.9). We
thus can assume that when we stop because of (4), p remains aligned with l. We now
freeze the positions of the top components and begin to push component Kj

b to the right,
proceeding until either the density of the configuration changes or x 2 moves into
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alignment with r. If the density changes first (or changes simultaneously with the align-
ment), we have the same conclusions as for alternative (1) above. If we succeed in align-
ing x 2 with r without causing a change in density, we have the same conclusions as for
alternative (2) above. In both cases we have the needed contradiction.

We are now ready to complete the proof of Proposition 4.2. In light of Proposition
4.1, there are five basic cases: (a) segments of the (l ,r)-partition, (b) regions U of the
partition not containing a critical diagonal, (c) regions U containing a critical diagonal
and having Dl ,r

* ,* < ¥ for some point above that diagonal, (d) regions U containing a crit-
ical diagonal and having Dl ,r

* ,* < ¥ for some point below that diagonal, and (e) regions U

containing a critical diagonal and having Dl ,r
* ,* < ¥ only for points on that diagonal.

Case (a) involves a straightforward application of Lemma 4.5. Suppose the segment
is vertical. By Proposition 4.1, if any point in the segment has Dl ,r

* ,* = ¥ they all do, so
in this case all have the same value. Otherwise, let (p ,x 1 ) and (p ,x 2 ) be two distinct
points on the segment, x 1 < x 2 . By definition of the (l ,r)-partition, there also must exist
consecutive points q 1 and q 2 in R l ,r , such that q 1 < x 1 < x 2 < q 2 . (The non-included
‘‘endpoints’’ of the open segment will be (p ,q 1 ) and (p ,q 2 ).) Thus the desired conclu-

sion that Dl ,r
p ,x 1 = Dl ,r

p ,x 2 follows by an application of Lemma 4.5(a). The case of horizon-
tal segments is handled analogously using Lemma 4.5(b).

Cases (b) and (c) can be handled together, after first noting that if (b) applies, we
may assume Dl ,r

* ,* is finite for all points of U (since otherwise by Proposition 4.1 it would
be infinite for all points, and hence equal for all). Let (x 1 ,y 1 ) and (x 2 ,y 2 ) be two pairs
in U with Dl ,r

* ,* < ¥ . Without loss of generality we may assume that x 1 £ x 2 . If
y 1 £ y 2 , let x 3 = x 1 and y 3 = y 2 . Otherwise, let x 3 = x 2 and y 3 = y 1 . (See Figure

4.10.) In both (b) and (c) (x 3 ,y 3 ) will be in U and we will have Dl ,r
x 3 ,y 3 < ¥ . But then

with one application each of Lemma 4.5(a) and Lemma 4.5(b) we obtain Dl ,r
x 1 ,y 1 = Dl ,r

x 3 ,y 3

= Dl ,r
x 2 ,y 2 . Thus any two points in U with Dl ,r

* ,* < ¥ have the same value for Dl ,r
* ,* , as

required.

Case (d) is handled similarly, although now we must choose x 3 = x 2 , y 3 = y 1 if
y 1 £ y 2 and x 3 = x 1 , y 3 = y 2 otherwise.

Finally, for case (e), the only points in U with Dl ,r
* ,* < ¥ are those on the critical

diagonal. Let (x 1 ,y 1 ) and (x 2 , y 2 ) be two distinct pairs on that diagonal, with x 1 < x 2 .

By Proposition 4.1, Dl ,r
* ,* < ¥ for both pairs. We must show that Dl ,r

x 1 ,y 1 = Dl ,r
x 2 ,y 2 . Since

these are critical pairs, we know that minsep(x 1 ,y 1 ) = minsep(x 2 ,y 2 ) = minsep( l ,r).
By Proposition 4.1 we also know that l and r are on the same bottom component Kj

b and
x 1 , x 2 , y 1 and y 2 are on the same top component Ki

t . Thus for each i Î { 1 , 2 } there is a
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(x1,y1)

(x2,y2)(x3,y3)

Cases (b) and (c)

Case (d)

(x2,y2)
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FIGURE 4.10. Applying Lemma 4.5 to Cases (b), (c), and (d) of Proposition 4.2.

unique placement that aligns l with x i and r with y i . In each case, Dl ,r
x i ,y i will be pre-

cisely the density of this configuration in the interval [l ,r].

So suppose we start with the placement of minimum separation configurations that

aligns l and x 1 (and determines Dl ,r
x 1 ,y 1 ) and then slide the top component Ki

t left until l

aligns with x 2 . As in the proof of the Lemma 4.5, the density between l and r cannot
change unless a terminal alignment is encountered. By a now-familiar argument, how-
ever, this would imply the existence of a member of R l ,r between y 1 and y 2 , and so
(x 1 ,y 1 ) and (x 2 ,y 2 ) could not be in the same region of the partition, contrary to our
hypothesis that they are on the critical diagonal of a single region. Thus when we arrive

at the alignment of l and x 2 (which determines Dl ,r
x 2 ,y 2 ) we will still have our original

density. We thus conclude as required that Dl ,r
x 1 ,y 1 = Dl ,r

x 2 ,y 2 .

Since Cases (a) through (e) exhaust the possibilities, this concludes the proof of
Proposition 4.2.

As a consequence of Propositions 4.1 and 4.2, a complete description of Dl ,r
* ,* need

contain only one value for each point, segment, and region of the (l ,r)-partition. We
conclude this section by introducing a shorthand notation that will allow us to concisely
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represent the sets of the partition for which distinct density values need to be computed.
The basis for this shorthand consists of the sets Ll ,r

q and Rl ,r
q , defined as follows:

Definition. Ll ,r
q consists of the set L l ,r augmented by the gap points tr( i) + D and

by interval points p + q for each p Î L l ,r that is not the right endpoint of a component.

Definition. Rl ,r
q consists of the set R l ,r augmented by the gap points tr( i) + D and

by interval points q + q for each q Î R l ,r that is not the right endpoint of a component.

In what follows, we shall say an interval point p + q represents the interval (p ,p¢)
where p¢is the immediate successor of p in L l ,r under < t , and similarly that the interval
point q + q represents the interval (q ,q¢) where q¢is the immediate successor of q in R l ,r

under < t .

The set P l ,r = Ll ,r
q ´ Rl ,r

q then represents all the regions, segments, and intersection
points of the (l ,r)-partition in the following way. The pair (p ,q) Î P l ,r represents a
point of the partition if neither p nor q is an interval point and p £ t q. If p is not an inter-
val point but q = q 0 + q is, let (q 0 ,q 1 ) be the interval represented by q. (Note that q 1 is
on the same component as q 0 since by definition q 0 is on a component and cannot be the
component’s right endpoint.) Then if p < t q 1 , the pair (p ,q) represents the open vertical
line segment that runs from the pair (p , max (p ,q 0 ) ) up to (p ,q 1 ). (Otherwise, it repre-
sents nothing.) If q is not an interval point but p = p 0 + q is, let (p 0 ,p 1 ) be the interval
represented by p. Then if p 0 < t q, the pair (p ,q) represents the open horizontal line seg-
ment that runs from the pair (p 0 ,q) right to ( min (p 1 ,q) ,q). (Otherwise, it represents
nothing.) If p = p 0 + q and q = q 0 + q are both interval points, let p 1 and q 1 be defined
as above. Then if p 0 < t q 1 , the pair (p ,q) represents the region obtained by removing
all points below the p = q line from the rectangle whose corners are (p 0 ,q 0 ), (p 0 ,q 1 ),
(p 1 ,q 0 ), and (p 1 ,q 1 ). (Otherwise, it represents nothing.)

Given this interpretation, let P l ,r
* denote those elements of P l ,r that actually repre-

sent regions, segments, or intersection points of the (l ,r)-partition. In summary, Proposi-
tion 4.2 tells us that Dl ,r

* ,* can be completely described by storing one value for each pair
(x ,y) Î P l ,r

* , along with a notation as to which pairs correspond to critical regions. In
the special case where we are only interested in the values of Dl ,r

p ,q for some fixed value
of p, a case that plays a major role in our algorithm, the description can be even simpler,
as we need only store the values of Dl ,r

p ,q for each q Î Rl ,r
q .



- 34 -

5. A First Algorithm for Multiple Components

In this section we present a first algorithm for computing the minimum achievable
density when their are many components on the top and bottom of the channel. This
algorithm requires O(N 5 ) running time but is more straightforward than the O(N 3 )
algorithm that is our main result. The O(N 3 ) algorithm will use same basic approach, but
will precompute several functions to achieve the lower running time.

Let Dr
q serve as a shorthand for Dbr( 0 ) ,r

tr( 0 ) ,q , and R r and Rr
q as shorthands for R br( 0 ) ,r

and Rbr( 0 ) ,r
q respectively. Our algorithmic strategy in both this section and the next is to

compute descriptions of the functions Dr
* , starting with Dbl( 1 )

* and continuing with Dr
*

for each bottom alignment point r > bl( 1 ) in order, until we have computed Dbl(c b + 1 )
* .

The minimum possible density of the entire channel will then simply be Dbl(c b + 1 )
tl(c t + 1 ) .

A high level description of our first algorithm goes as follows. (Recall that if r is a
bottom alignment point, succ(r) is its immediate successor under <b .)

1. Precompute the sets R r for all r Î E b È T b (the set of bottom alignment points).

2. Construct a representation of Dbl( 1 )
* by computing its value for each q Î Rbl( 1 )

q .

3. Set r = bl( 1 ). While r ¹ bl(c b + 1 ) do the following:

3.1. Compute the representation of Dr ,succ(r)
* ,* .

3.2. ‘‘Merge’’ the representations of Dr ,succ(r)
* ,* and Dr

* to obtain a representation for
Dsucc(r)

* .

3.3. Set r = succ(r).

4. Output Dbl(c b + 1 )
tl(c t + 1 )

In the rest of this section we first describe how Dr ,succ(r)
* ,* and Dr

* are represented,
and then examine each of the above steps in detail.

Representing the functions Dr ,succ(r)
* ,* and Dr

* .

The representation we use for Dr
* is a doubly-linked list of the members of Rr

q in
order, with the entry for an element q containing the value Dr

q and, to specify q’s location
in the top minimum separation configuration, the value of minsep( tl( 1 ) ,q) (or
minsep( tl( 1 ) ,q 0 ) if q is the interval point q 0 + q). Entries for members of T t È E t also
contain pointers to the entries for the next and previous members of T t È E t under the
< t order, and entries for gap points similarly contain pointers to the next and previous
gap points.

The data structure of Dr ,succ(r)
* ,* will be a doubly-linked list of lists, one for each
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element of Rr ,succ(r)
q in order. The sublist for q Î Rr ,succ(r)

q is a doubly-linked list with
entries for the points p Î Lr ,succ(r)

q that yield finite values for Dr ,succ(r)
p ,q , starting with the

leftmost such p and proceeding rightward. Within these lists each member of T t È E t

again points to its predecessor and successor in that set, as does each gap point. The
entry for a given point p Î Lr ,succ(r)

q contains the values of Dr ,succ(r)
p ,q and of

minsep( tl( 1 ) ,p) (minsep( tl( 1 ) ,p 0 ) if p is the interval point p 0 + q). If both p and q are
interval points, the entry is for a region. Fortunately, as argued in Section 4, Dr ,succ(r)

p ,q

can attain at most one finite value in any region (plus the value ¥ if the region is a criti-
cal region). The entry we store is the finite value, if there is one.

In the algorithm descriptions that follow, we shall concentrate only on the time
needed to compute the relevant values of Dr ,succ(r)

* * , but it will be easy to see that the
complete representations describe above can be constructed within the same time bounds.

Precomputation of the sets R r .

We assume that both sets E b È T b and E t È T t are already sorted according to <b

and < t respectively. (If not, take time O(NlogN) to do so.) By definition, all the
‘‘potential right points of change’’ that make up the sets R r can be derived from place-
ments of the minimum separation configurations for top and bottom in which a member
of E t È T t is aligned with a member of E b È T b . There are n b n t = O(N 2 ) such place-
ments, and each is processed as follows.

Ki
b

Kj
t

x

s

d
Ki+1

b Ki+2
b

K j
t

x Kj+1
t

Ki
b

s

d

FIGURE 5.1. Two cases of alignments yielding points in R r for r Î [s ,s + d].

Suppose the aligned points are s on the bottom and x on the top, and that s is on bot-
tom component Ki

b and x is on top component Kj
t . (See Figure 5.1 for two possible situa-

tions.) Let d = max {br( i) - s ,tr( j) - x} (distances taken along the components). Then,
again by definition, the set of r for which this alignment is a defining alignment for mem-
bers of R r is simply (E b È T b ) Ç [s ,s + d], i.e., those bottom terminals and endpoints
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lying in the closed interval from s to s + d in the minimum separation configuration for
the bottom. The member of R r defined is simply x + (r - s), measured along the mini-
mum separation configuration for the top. This processing can be done in time propor-
tional to ï (E b È T b ) Ç [s ,s + d]ï, which is certainly O(N). Thus the overall time to
compute all the sets R r is O(N 3 ). This process does not, however, generate the sets in
sorted order, a property that we will need when computing Dr

* . Sorting takes time
O(N 2 logN) per set, for a total time of O(N 3 logN).

Computation of Dbl( 1 )
* .

Here the relevant partition of p ,q-space is the br( 0 ) ,bl( 1 )-partition. By fixing the
top left alignment point as tr( 0 ), we need only consider the intersection points and seg-
ments of the partition that lie on the p = tr( 0 ) line. By Propositions 4.1 and 4.2, Dbl( 1 )

*

will be a step function that only changes values at elements of R bl( 1 ) . Moreover, since
br( 0 ) and bl( 1 ) are aligned in the minimum separation configuration for the bottom,
R bl( 1 ) consists by definition simply of E t È T t and has size O(N). We can compute the
values of Dbl( 1 )

* for each of the points and segments directly:

Let x Î Rbl( 1 )
q . If x is a q-point, a gap point, a pseudo-point, or a member of E b ,

i.e., any member of Rbl( 1 )
q other than a terminal, then the value of Dbl( 1 )

* on the
point/segment represented by the pair (tr( 0 ) ,x) is simply the number of nets having a
terminal to the left of x on the top of the channel and either a terminal to the right of x on
the top or one on the bottom. (The latter would be to the right of x since x is aligned with
bl( 1 ). Recall that bl( 1 ) itself, being an endpoint, cannot be a terminal by our normaliz-
ing assumption (R3).) If x is a terminal, then the value of Dbl( 1 )

x is simply one (for the
net involving x) plus the number of nets not involving x that have a terminal to the left of
x on the top of the channel and a terminal to the right of x on either the top or the bottom.
(The net involving x automatically contributes to the density since by assumption (R1) of
Section 2 all nets contain at least two terminals, and as mentioned before, bl( 1 ) is not a
terminal. Note that assumption (R1) also asserts that no net contains more than two ter-
minals per side, and so we can represent each net by a simple data structure, pointed to
by its members, that provides constant-time access to all the information required for the
above computations.)

Since both ï Rbl( 1 )
q

ï and the number of nets are O(N), even a naive computation of
Dbl( 1 )

* takes at most O(N 2 ). (Using the techniques of Section 3 we could reduce the time
to O(N), but this would not affect our overall running time.)
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Construction of Dr ,succ(r)
* ,* .

In this case we have to consider all of the r ,succ(r)-partition, as we are not fixing
either top alignment point, and so by Proposition 4.2 must consider all the points, seg-
ments and rectangles of the partition, each such region corresponding to a pair in
Lr ,succ(r)

q ´ Rr ,succ(r)
q . Thus we first construct the two sets Lr ,succ(r)

q and Rr ,succ(r)
q . These

sets are each of size O(n t ) = O(N) by Lemma 4.2, and can be constructed in time O(N).
Given the bounds on Rr ,succ(r)

q and Lr ,succ(r)
q , the total number of values we need to com-

pute in order to specify Dr ,succ(r)
* ,* is O(N 2 ).

For each x Î Lr ,succ(r)
q , we consider the members y Î Rr ,succ(r)

q from left to right,
computing the common value (common finite value if (x ,y) corresponds to a critical
rectangle) of Dr ,succ(r)

* ,* . As we shall see, the total time needed for each choice of x is
O(N). We divide into cases depending on whether r and succ(r) are on the same bottom
component or different ones, and on the type of ‘‘point’’ that x is.

(Case 1). Suppose r and succ(r) are on the same bottom component and x is a
member of Lr ,succ(r)

q that is either a component point or an interval point (i.e., not a gap
point or pseudo-point). If x is an interval point p + q, identify it in what follows with an
arbitrary component point in the interval to which it corresponds. (By Proposition 4.2,
the description of Dr ,succ(r)

* ,* that we compute will be independent of the choice.) Let Ki
t

be the component on which x lies. Dr ,succ(r)
x ,* will be infinite for all y Î Rr ,succ(r)

q that lie
to the left of x in the top alignment order, by definition. Thus let us assume y is to the
right of x. There are now two subcases, depending on the relation between sep(x ,tr( i) )
and sep(r ,succ(r) ).

(1.1) If sep(x ,tr( i) ) > sep(r ,succ(r) ), then by Lemma 4.1 there exists a unique
q > x such that Dr ,succ(r)

x ,q < ¥ (that q on Ki
t for which sep(x ,q) = sep(r ,succ(r) )), and

Dr ,succ(r)
x ,q is the only value of Dr ,succ(r)

x ,* that we will have to compute. Moreover, for such
a q, the value of Dr ,succ(r)

x ,q is easily computed, since there is only one configuration that
can give rise to the specified alignment. In that configuration, one can incrementally
compute the densities at individual points as one sweeps left from r to succ(r), and then
take the maximum to obtain Dr ,succ(r)

x ,q . The density at r is determined by noting how
many nets (other than {r ,x}, should that be a net) contain either x or r, or have terminals
on both sides of r in the configuration. As we sweep right, the density can change only
when we encounter a top terminal t or reach the location of succ(r), since there are by
definition no bottom terminals between r and succ(r). No terminal is in more than one
net and no net contains more than four terminals by (R1). Therefore, the work involved
to compute the change in density at a top terminal or succ(r) is bounded by a constant,
and the total time to compute a description of Dr ,succ(r)

x ,* by this sweep procedure is O(N).
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(1.2) If sep(x ,tr( i) ) = sep(r ,succ(r) ), then the only q > x such that
Dr ,succ(r)

x ,q < ¥ are tr( i) and tl( i + 1 ) (if the latter exists). But Dr ,succ(r)
x ,tr(i) can be computed

just as in Case (1.1), and it is easy to see that Dr ,succ(r)
x ,tl(i + 1 ) must equal Dr ,succ(r)

x ,tr(i) , since
tl( i + 1 ) can only be aligned with succ(r) if its position coincides with that of tr( i).

(1.3) If sep(x ,tr( i) ) < sep(r ,succ(r) ), then points to the right of tr( i) may be
alignable with succ(r). Once again, however, the fact that there are no bottom terminals
between r and succ(r) helps us. Given the top point y aligned with succ(r), the maxi-
mum density in the interval [r ,succ(r) ] is unaffected by the precise location of any top
components between Ki

t and the component containing y (or the gap represented by y if it
is a gap point) so we can assume that all intermediate components are pushed as far left
as possible. Furthermore, we can ignore the positions of all the components to the right
of y. Thus we can proceed as follows. First, compute Dr ,succ(r)

x ,tr(i) + D in time O(N) by the
sweep technique used in case (1.1). A similar sweep technique can then be used to com-
pute, for each element y > tr( i) + D of Rr ,succ(r)

q in turn, the corresponding value of
Dr ,succ(r)

x ,* . (For interval points, we take an appropriate component point from the interval
in question as a stand-in.) Here is how we proceed.

r
succ(r)

q
Ki

t Kj
t

y

Before

r
succ(r)

q
Ki

t Kj
t

y

After

FIGURE 5.2. New density values to be considered in computing next value of Dr ,succ(r)
x ,y .

Inductively, suppose we have just computed the density when y is aligned with
succ(r), and have separately noted both the maximum density at succ(r) and in the half-
open interval [r ,succ(r) ). See the ‘‘Before’’ picture in Figure 5.2. Note that the range
between r and succ(r) is partitioned into regions (i.e., intervals and points), on each of
which the configuration has constant density, as illustrated in the figure by the cross-
hatched rectangles (for intervals) and narrow columns (for points). As we go from y to
its successor in Rr ,succ(r)

q by pushing the component Kj
t containing y to the left (or the

component following y if y is a gap point), all the old density values except possibly the
rightmost will still occur in the [r ,succ(r) ] interval, and at most three new density values
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will appear. See the ‘‘After’’ picture in Figure 5.2. One of the new regions corresponds
to the top point previously aligned with succ(r) and has now gone out of alignment to its
left, one corresponds to the new point aligned with succ(r), and the third corresponds to
the interval between them. These three new density values can be computed in constant
time, given the information we had about the density at succ(r) when y was aligned with
succ(r). The information needed for the new alignment can then be derived in constant
time from these density values and the old information. We proceed in this way through
all the successive points of R r ,succ(r) to the right of Ki

t until we reach the rightmost com-
ponent point y for which minsep(x ,y) £ sep(r ,succ(r) ), i.e., the rightmost point for
which Dr ,succ(r)

x ,y < ¥ by Lemma 4.1. Since ï Rr ,succ(r)
q

ï = O(N), the overall time to com-
pute a description of Dr ,succ(r)

x ,* is itself O(N).

(Case 2). Suppose r and succ(r) are on the same bottom component and x is a gap
point or a pseudo-point. If x is the pseudo-point tl(c t + 1 ), then the only y for which
Dr ,succ(r)

x ,y < ¥ is y = x = tl(c t + 1 ) itself, i.e., the only relevant configuration is the one

with all top components to the left of r. The value Dr ,succ(r)
tl(c t + 1 ) ,tl(c t + 1 ) is readily calculated

in O(N) time, since it is the maximum of the densities at r and succ(r) in this configura-
tion. If x is either tr( 0 ) or a gap point tr( j) + D, we proceed as in case (1.2), starting with
the configuration in which the top component to the immediate right of x is located
entirely to the right of succ(r), and then pushing that component and its successors left-
ward into [r ,succ(r) ] to obtain the successive values of Dr ,succ(r)

x ,* . We push until we
reach either tl(c t + 1 ) or a component point y for which minsep( tl( j + 1 ) ,y) =
sep(r ,succ(r) ) (where j = 0 if x = tr( 0 ). Note that a point y satisfying this latter con-
straint must be a member of R r ,succ(r) by definition, and for the given choice of x,
Dr ,succ(r)

x ,y¢ will be infinite for any y¢ ³t y.

(Case 3). Suppose r and succ(r) are on different components, or one is the left or
right bottom pseudo-point. In this case there is a j, 0 £ j £ c b , such that r = br( j) and
succ(r) = bl( j + 1 ). If j = c b and so succ(r) is the right pseudo-point bl(c b + 1 ), there
is only one legal alignment for each x: that in which x is aligned with r = br(c b ) and
y = tl(c t + 1 ) is aligned with succ(r), i.e., all top alignment points to the right of x lie to
the right of all bottom components. The computation of Dr ,succ(r)

x ,* is thus straightforward
and takes time O(N) for each x Î Lr ,succ(r)

q . In the case where 0 £ j < c b , we can once
more proceed incrementally. Suppose x is a component point p. This cannot happen
when j = 0, since br( 0 ) can only be aligned with tr( 0 ). Thus j ³ 1. We start with the
channel configuration in which r and succ(r) are aligned with each other and with x, i.e.,
the case where the interval [r ,succ(r) ] represents a single point, and compute the density
of the configuration at this point in O(N) time to obtain Dr ,succ(r)

x ,x . We then can
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incrementally compute Dr ,succ(r)
x ,* for successive members of Rr ,succ(r)

q to the right of x by
in effect sliding succ(r) = bl( j + 1 ) rightward while leaving the top of the channel fixed
in a configuration having a non-zero gap between each successive pair of components. If
x is an interval point, we proceed similarly, choosing any point in the interval represented
by x to be the point initially aligned with r and succ(r). (By Proposition 4.2 it doesn’t
matter which.) If x is a gap point or the pseudo-point tl( 0 ), we proceed in much the same
way, this time starting with the channel configuration in which all top components to the
right of x are to the right of r and succ(r). The overall time is once again O(N) for each
x.

The above three cases exhaust the possibilities. Since in each we spend O(N) time
for each x Î Lr ,succ(r)

q , the overall time to construct a description of Dr ,succ(r)
* ,* is thus

O(N .ï L r ,succ(r) ï ) = O(N 2 ).

Construction of Dsucc(r)
* .

We now show how to merge descriptions of Dr
* and Dr ,succ(r)

* ,* to obtain one for
Dsucc(r)

* . In order to represent the latter function, we need to determine the values of
Dsucc(r)

* for all y Î Rsucc(r)
q . For a given top alignment point q represented by y, the den-

sity Dsucc(r)
q must be achieved by a placement in which br( 0 ) is aligned with tr( 0 ),

succ(r) is aligned with q, and r is aligned with some intermediate top point p. As a con-
venient shorthand, let us use the following notation:

Definition. For tr( 0 ) £ p £ q, let densitysucc(r)
q (p) = max (Dr

p ,Dr ,succ(r)
p ,q ).

We then have

Dsucc(r)
q = min {densitysucc(r)

q (p) : tr( 0 ) £ p £ q} (5.1)

We thus can compute the value of Dsucc(r)
* for y as follows. If y is a top alignment point,

set q = y; otherwise y is an interval point and we let q be any alignment point in that
interval. (By Propositions 4.1 and 4.2, we know that Dsucc(r)

* has the same value for all
such q.) We now must find a p that minimizes (5.1).

For this, we need only identify the possible points of change for densitysucc(r)
q (p).

These consist of the right points of change for D r , which are contained in the already
computed set R r , and the left points of change for Dr ,succ(r)

* ,q . The latter are all contained
in the set L r ,succ(r) , with the possible addition of the point q - minsep(r ,succ(r) ) if q is a
top alignment point representing an interval. (In this case the point p at which Dr ,succ(r)

p ,q

makes its transition to ¥ from the common finite value for the interval will be
q - minsep(r ,succ(r) ).) Let Csucc(r)

q be the union of R r , L r ,succ(r) , and
{q - minsep(r ,succ(r) )}. Then ï Csucc(r)

q
ï = O(N 2 + N + 1 ) = O(N 2 ), and since we can
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assume that each of the constituent sets already comes in sorted order, we can put
Csucc(r)

q into sorted order by a simple merge step, also O(N 2 ). We then step through the
elements of Csucc(r)

q in order, computing densitysucc(r)
q (p) for each member and for a

sample point between each successive pair of members. By (5.1), the minimum value we
see is the value of Dsucc(r)

* for y. To get a complete description of Dsucc(r)
* , we need to do

this for all O(N 2 ) members of Rsucc(r)
q , for an overall time of O(N 4 ).

This completes the description of our first algorithm for computing the optimal den-
sity. The overall running time is dominated by the merging steps, which take O(N 4 )
time and must be performed for each of the O(N) members of E b È T b except br( 0 ).
The overall running time is thus O(N 5 ), as claimed. In the next section, we show how to
reduce the time for constructing D succ(r) from O(N 4 ) to O(N 2 ) and how to reduce the
overall time for constructing the sets R r from O(N 3 logN) to O(N 3 ), thus obtaining an
algorithm with the claimed O(N 3 ) running time bound.

6. Speeding up the Basic Algorithm for Multiple Components

In this section we show how to modify the algorithm of the previous section so as to
reduce its running time from O(N 5 ) to O(N 3 ). In the next section, we shall show how
to further improve the running time in important special cases. For now it is enough to
reduce the overall time for producing the sorted sets R r from O(N 3 logN) to O(N 3 ) and
that for computing each of the O(N) functions Dsucc(r)

* from O(N 4 ) to O(N 2 ). Each of
the other steps of the algorithm as described in Section 5 already takes overall time
O(N 3 ).

Our speedup in computing the sets R r is based on constructing them in order, using
R r as a helper in the construction of R succ(r) . In computing Dsucc(r)

* , we assume that we
have already constructed representations of Dr

* and Dr ,succ(r)
* as described in the previous

section. Our speedup in computing Dsucc(r)
* comes from a more sophisticated use of

these data structures, together with a reorganization of the computation based on the pre-
computation of auxiliary functions.

6.1. Computing R succ(r) .

We begin by computing the initial set R bl( 1 ) , which equals T t È E t . The data
structure for this can be constructed in O(N log N), including the time to sort T t È E t .

Inductively, assume R r has been constructed in sorted order. As defined in Section
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4, R succ(r) consists of T t È E t together with any point q which, if aligned with succ(r)
in a minimum separation configuration for top and bottom, causes an alignment of a
member u < t q of T t È E t with a member v <b succ(r) of T b È E b , where either u is
on the same component as q or v is on the same component as succ(r). Since we already
have T t È E t in sorted order, all we need do is construct an ordered list of the
q Î R succ(r) that arise from the latter types of alignments and are not in T t È E t , and
then merge the two lists. But since r and succ(r) are successive members of T b È E b ,
the alignment for such a q must take place at or to the left of r. This means that the point
q¢that is aligned with r in this configuration will be in R r . (See Figure 6.1.)

Defining 
Terminal
Alignment

q¢ e Rr  

r

q e Rsucc(r)

succ(r)
FIGURE 6.1. Deriving R succ(r) from R r .

Hence, we need only consider as candidates for R succ(r) - (T t È E t ) those points q

that are not in T t È E t and that have minsep(q¢,q) = minsep(r ,succ(r) ) for some
q¢ Î R r . These candidates can be derived from the elements q¢of R r , which we already
have in sorted order. To verify whether a candidate q = q¢ +minsep(r ,succ(r) ) is in
fact a true member of R succ(r) , we will need to know the identity of the rightmost pair
(u ,v) whose alignment caused q¢to join R r (the defining alignment pair for q¢ Î R r).
(Note that this is the pair (q¢,r) if q¢ Î T t È E t .) Given the defining alignment pair
(u ,v) for q¢ Î R r , we will have q Î R succ(r) if and only if either u and q are on the same
component or v and r are, in which case (u ,v) is also the defining alignment pair for q.

Thus R succ(r) can be constructed in sorted order, and the initial doubly-linked data
structure for Rsucc(r)

q (without the values for Dsucc(r)
q ) can be built, all in time propor-

tional to ï R rï + n t = O(N 2 ). While doing this we also add an auxiliary set of pointers
to the Dr ,succ(r)

* ,* data structure that link each member q of Rsucc(r)
q to the member of

Rr ,succ(r)
q corresponding to it (either q itself if q Î Rr ,succ(r)

q , or the interval point in
Rr ,succ(r)

q that represents the interval containing q if q is not in Rr ,succ(r)
q ). (Note that by

the definitions of the two sets, R r ,succ(r) must be a subset of R succ(r) , so that the latter
yields a refinement of the partition induced by the former.) These auxiliary pointers can
be constructed in time O(ï R succ(r) ï ) = O(N 2 ) by a parallel scan through the two sets.
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Having performed these constructions, we now proceed to the computation of
Dsucc(r)

* from Dr
* and Dr ,succ(r)

* * . The computation breaks into two cases, depending on
whether r and succ(r) are on the same bottom component or not.

6.2. Computing Dsucc(r)
* when r and succ(r) are on the same component.

In this case, the basic structure of the algorithm of Section 5, in which we compute
Dsucc(r)

* from Dr
* and Dr ,succ(r)

* ,* , remains the same. To achieve the speedup, we compute
three auxiliary functions, DRMINr

x , rightRMINr
x , and leftRMINr

x . The definitions of
these functions are built up as follows.

Definition. If x is a top component point other than tr(c t ), then next(x) denotes the
leftmost member of T t È E t to the right of x.

Definition. Suppose x is a top component point. Then

DRMINr
x = min{ Dr

y : x < y < next(x) } ,

rightRMINr
x = sup {y Î (x ,next(x) ) : Dr

y = DRMINr
x } , and

leftRMINr
x = inf {y £ next(x) : " z Î (y ,rightRMINr

x ) , Dr
z = Dr

x } .

Note that it need not be the case that DRMINr
rightRMINr

x

= DRMINr
x , but if not, then it

must be the case that the interval (leftRMINr
x ,rightRMINr

x ) is non-empty and Dr
z =

DRMINr
x at all points z in that interval. Thus, given the values of x, rightRMINr

x , and
leftRMINr

x , we can in constant time obtain a point z Î (x ,next(x) ) for which Dr
z =

DRMINr
x , something that will eventually be of use in constructing an optimal configura-

tion. Observe also that the points of change for DRMINr
x will be a subset of R r and,

given our representation of Dr
* , it is straightforward to compute their values on the set Rr

q

in time O(ï R rï ) = O(N 2 ). We perform the appropriate calculation as soon as we have
completed the computation of Dr

* , and then augment the data structure for the latter to
contain the relevant auxiliary function values.

To do the actual computation of Dsucc(r)
* , we need the following key definition.

Definition. For any top alignment point q, let left r (q) be the rightmost top compo-
nent point p < t q such that minsep(p ,q) = sep(r ,succ(r) ), and be undefined if no such
component point exists. (Note that there can be two p satisfying the equality if they are
right and left component endpoints that coincide in the top minimum separation configu-
ration.)

Note that by Lemma 4.1, left r (q) is the leftmost point p for which Dr ,succ(r)
p ,q is finite

unless left r (q) is the left endpoint of a component. If left r (q) is tl( i) for some i > 1,
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then tr( i - 1 ) is also legal, but Dr ,succ(r)
tl(i) ,q = Dr ,succ(r)

tr(i - 1 ) ,q , since there are no terminals
between r and succ(r). Thus in our data structure representing Dr ,succ(r)

* ,* , the value at the

head of the sublist for the element of Rr ,succ(r)
q corresponding to q will be Dr ,succ(r)

left r (q) ,q .

In computing Dsucc(r)
* , we shall treat the points q Î Rsucc(r)

q in sequence from right
to left, starting with tl(c t + 1 ). We shall do this by sliding a pointer leftward through the
doubly-linked list already constructed for Rsucc(r)

q . In parallel we shall slide a second
pointer leftward in the top minimum separation configuration so as to identify left r (q),
and a third pointer leftward in our augmented representation for Dr

* for the purpose of

reading out the corresponding values of DRMINr
left r (q) , rightRMINr

left r (q) , etc., in total
time (over all q) of O(ï R rï ). In addition, we will slide a pointer through the representa-

tion of Dr ,succ(r)
* * to obtain the values for Dr ,succ(r)

left r (q) ,q . In light of the remark at the end of
the previous paragraph, this will take total time at most O(ï R succ(r) ï ).

There are seven cases to consider, depending on the identity of the point q currently
being considered and the location (or existence) of left r (q) or, when q is an interval point
representing the interval (q L ,q R ), of left r (q L ). The cases are the following:

(1) q Î R succ(r) and left r (q) is a point on the same component.

(2) q is a member of T t È E t not satisfying (1).

(3) q Î R succ(r) but does not satisfy (1) or (2).

(4) q is an interval point representing (q L ,q R ) and left r (q L ) is on the same com-
ponent as the interval.

(5) q is an interval point not satisfying (4) and q R or left r (q R ) is a member of
T t È E t .

(6) q is an interval point not satisfying (4) or (5).

(7) q is a gap point, tl(c t + 1 ), or tr( 0 ).

Observe that there are O(n t ) = O(N) members of Rsucc(r)
q meeting the requirements

of (2), (5), and (7), and O(ï R succ(r) ï ) = O(N 2 ) members satisfying (1), (3), (4) and (6).
The following lemma will thus imply that Dsucc(r)

* can be computed and incorporated
into the data structure for Rsucc(r)

q in time O(N 2 ).

Lemma 6.1. Suppose we are give the data structures for Dr
* and Dr ,succ(r)

* ,* as
described, along with pointers to q and left r (q), and are computing the values of Dsucc(r)

*

from right to left. Then in cases (2), (5), and (7) the time needed to compute Dsucc(r)
q is

O(n t ), and in cases (1), (3), (4) and (6) it is O( 1 ).

Proof. We shall consider the cases in the order (2), (5), (7), (1), (4), (3), (6). The
analysis will use one additional shorthand notation. Recall that by (5.1) our goal is to
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calculate Dsucc(r)
q = min{densitysucc(r)

q (p) : tr( 0 ) £ p £ q}. The set of relevant candi-
dates for p in the above minimization is given a name in the next definition.

Definition. For any top component point q, let legal r (q) be the set of top align-
ment points p such that Dr ,succ(r)

p ,q < ¥ .

(Case 2) Suppose q is on component Ki
t . Since case (1) does not hold, left r (q) is

either undefined or on Kj
t for some j, 1 £ j < i. (In the former case, we shall say that

j = 0.) The set legal r (q) thus consists of

(a) all gap points tr(h) + D, j £ h < i, where if h = 0 we take tr( 0 ) + Dto be tr( 0 ),

(b) all points that lie on components Kh
t , j < h < i, and

(c) left r (q) and all points to its right on Kj
t (when j > 0).

The computation of densitysucc(r)
q (p) for all candidates satisfying (a) is O(c t ) =

O(n t ), since that is a bound on the number of such candidates, and our data structures
allow us to access the relevant values of Dr

p and Dr ,succ(r)
p ,q in constant time per value,

given the augmentations we added for gap points. If i = 1, we are done, since no compo-
nent points of types (b) or (c) exist. So assume i > 1 and candidates of these types do
exist. We handle them as follows:

Let p 0 ,p 1 , . . . , p s be the left-to-right sequence of members of T t È E t that are
legal candidates, with p s being tr( i - 1 ) and p 0 identified with left r (q) if it exists
(whether it is in T t È E t or not) and with tr( 0 ) if left r (q) does not exist. Since we are
processing points in R succ(r) from right to left, we can access p s in O( 1 ) time by keeping
a pointer to tl( i) when we are processing q on component Ki

t . (We have already
accounted for the pointer manipulations to keep track of left r (q) if it exists.) We can
determine densitysucc(r)

q (p h ), 0 £ h £ s in overall time O(s) = O(n t ), given the augmen-
tations added to out data structures to handle the set T t È E t and the fact that our sliding
pointers make the two components of densitysucc(r)

q (p h ) accessible in constant time.

The rest of the candidate set is divided into intervals I h , 0 £ h < s, where I h is the
open interval lying between p h and p h + 1 if they are both on the same component, and is
vacuous otherwise. We treat the non-empty open intervals I h in order from left to right,
using the pointers linking the elements of T t È E t (and our pointer to left r (q) if it
exists) to navigate the data structure for Dr

* when accessing relevant function values.
Note that all members p Î I h give rise to the same value of Dr ,succ(r)

p ,q (because the same
set of terminals will lie in the interval [r ,succ(r) ] in the corresponding placement). Thus
to minimize densitysucc(r)

q (p) for such an interval, we need only find a p that minimizes
Dr

p in the interval. But note that we have already precomputed both the identity of such a
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point and the minimum value, as these can be obtained from rightRMINr
p h , leftRMINr

p h ,

and DRMINr
p h . Thus the time to find the best p in a given interval is O( 1 ), and the time

to find the best intervals over all is O(s) = O(n t ). Combining the cost of this computa-
tion with the earlier ones for the gap points and the p h , we conclude that the overall time
to find a member of legal r (q) that minimizes densitysucc(r)

q (p) is itself O(N).

(Case 5) By Proposition 4.2, we know that all points in the interval (q L ,q R ) have
the same value of Dsucc(r)

* . The argument for Case (2) works equally well for any compo-
nent point. Therefore, we can choose a arbitrary point q as a representative for the inter-
val and calculate Dsucc(r)

q as for Case (2).

(Case 7) If q is a gap point, tl(c t + 1 ), or tr( 0 ), the only change we need to make in
the argument for Case (2) is to observe that if left r (q) exists, then p 0 = left r (q) is no
longer in legal r (q), although all alignment points between left r (q) and q do remain in
legal r (q). If left r (q) doesn’t exist, then we set p 0 = tr( 0 ) as before, and note that now
p 0 is in legal r (q).

(Case 1) If q and left r (q) are on the same component Ki
t and it is not the case that

left r (q) = tl( i), then by Lemma 4.1, legal r (q) = {left r (q)}. Thus Dsucc(r)
q =

densitysucc(r)
q ( left r (q) ), and this can be computed in constant time given our pointers. If

left r (q) = tl( i), then legal r (q) = {left r (q), tr( i - 1 )}, and we can still evaluate all the
candidates in constant time.

(Case 4) By Proposition 4.2, we know that all points in the interval (q L ,q R ) have
the same value of Dsucc(r)

* . The value of left r (x) for each x in the interval is on the same
component as the interval. Therefore, we can choose a arbitrary point q as a representa-
tive for the interval and calculate Dsucc(r)

q as for Case 1.

(Case 3) In this case, since q is not in T t È E t , there must be an interval point q + q

in Rsucc(r)
q , and by the order in which our computations are being performed, we already

know the value of Dsucc(r)
q + q . Moreover, left r (q) must exist. If it did not exist, we would

need to have minsep( tl( 1 ) ,q) < sep(r ,succ(r) ). But then q could not be in R succ(r) : it is
not in T t È E t by the Case definition and it can have no defining alignment pair to its
left. This is because there are no bottom terminals in (r ,succ(r) ) and because
minsep( tl( 1 ) ,q) < sep(r ,succ(r) ) implies that there are no top terminals at or to the left
of r in the minimum separation configuration with q aligned with succ(r). Thus left r (q)
exists, and by the Case definition must lie on a different component from q.

As a consequence, we may argue that legal r (q) contains legal r (q¢) for all points q¢

represented by q + q: Suppose p Î legal r (q¢). We first argue that p cannot be on the
same component Ki

t as q and q¢. Suppose it were. Note that since p Î legal r (q¢), there
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must be a legal configuration in which q¢is aligned with succ(r) and p is aligned with r.
Moreover, since by assumption p and q¢ are on the same component (as are r and
succ(r)), we may assume without loss of generality that this is a minimum separation
configuration. Suppose we start with such a configuration and slide all the top compo-
nents simultaneously rightward. Since there are no members of R succ(r) between q and
q¢, we must be able to continue sliding until q is aligned with succ(r) and left r (q) is
aligned with r, without in the meantime ever aligning any member of T t È E t with r.
Since left r (q) is on a different component from Ki

t , the only way p could be on Ki
t would

thus be if left r (q) = tr( i - 1 ). But this is impossible by the definition of left r (q), since
if r aligns with tr( i - 1 ) in a minimum separation configuration, it simultaneously aligns
with tl( i), and by definition we choose the latter to be left r (q).

We now argue that p Î legal r (q). Since by assumption p Î legal r (q¢), there
exists a configuration in which r is aligned with p and succ(r) is aligned with q¢. Since
by the above argument p is not on the same component Ki

t as q and q¢, we can thus slide
Ki

t rightward without moving the component containing p until succ(r) is aligned with q,
which yields the legal configuration that implies p Î legal r (q). Furthermore, since q is
not in T t È E t and there are no bottom terminals between r and succ(r),
densitysucc(r)

q¢ (p) = densitysucc(r)
q (p). Note that the only point in legal r (q) that is not in

the union of the legal r (q¢) for q¢represented by q + q is left r (q). Thus

Dsucc(r)
q = min ì

î
Dsucc(r)

q + q ,densitysucc(r)
q ( left r (q) )ü

þ

and the value can be calculated in constant time.

(Case 6) Let the left and right endpoints of the interval represented by q be q L and
q R . By the Case definition, we know that neither q R nor left r (q R ) is in T t È E t . Since
q R is not in T t È E t , left r (q R ) must exist. (Otherwise we couldn’t have q R Î R succ(r) ,
by the argument of previous case.) Furthermore, left r (q L ) must also exist and be on the
same component as left r (q R ). To see this, consider the minimum separation configura-
tion that aligns q R with succ(r) and left r (q R ) with r. (Such a configuration exists by
definition of left r (q R ).) Slide all the top components simultaneously rightward until q L

is aligned with succ(r). Since there are no members of R succ(r) in (q L ,q R ), at no time
during this slide can r have been aligned with a member of T t È E t , and so at the end of
the slide r must still be aligned with a point p on the same component as left r (q R ). But
this by definition implies that p is left r (q L ). Note that since left r (q L ) exists, we must
have by the Case definition that the component containing left r (q L ) and left r (q R ) is dif-
ferent from the one containing q R and q L .
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We will now choose a representative point x for the interval (q L ,q R ). By Proposi-
tion 4.2, Dsucc(r)

* has the same value for all x Î (q L ,q R ). It need not be the case, how-
ever, that Dr

* has the same value for all points in the interval (left r (q L ) ,left r (q R ) ). We
will thus simplify matters by picking an x ‘‘sufficiently close’’ to q R . In particular, we
choose x such that [left r (x) ,left r (q R ) ) is represented by a single interval point q¢ ¢ + q

from Rr
q. We know we can do this since q R is not in T t È E t and thus left r (q R ) must be

a member of R r . Now (by another sliding argument similar to those above), legal r (x)
consists of legal r (q R ) together with all top points in the interval [left r (x) ,left r (q R ) ).
Furthermore, since q R is not in T t È E t , the density does not change in moving from a
configuration with q R aligned with succ(r) to one with x aligned with succ(r), assuming

the point aligned with r is held fixed. Thus Dsucc(r)
x is the minimum of Dsucc(r)

q R and
min{densitysucc(r)

x (p) :left r (x) £p < left r (q R )}. Finally, we note that for all p in

[ left r (x) , left r (q R ) ), Dr ,succ(r)
p ,x = Dr ,succ(r)

left r (q R ) ,q R . This is because if there were a terminal
in either of the intervals (left(q L ) ,left r (q R ) ] or (q L ,q R ], it would cause a violation of
our assumption that q L and q R are successive members of R succ(r) , and neither q R nor
left r (q R ) are in T r È E t . Thus

min {densitysucc(r)
x (p) : left r (x) £p < left r (q R ) } = max é

ëDr
q¢ ¢ + q,Dr ,succ(r)

left r (q R ) ,q R ù
û

and the values needed to compute Dsucc(r)
x can be accessed in constant time.

This completes the proof of Lemma 6.1.

As remarked above, Lemma 6.1 is enough to allow us to conclude that when r and
succ(r) are on the same component, the total time for building the data structure for
Rsucc(r)

q and computing the values of Dsucc(r)
* is O(ï R succ(r) ï + (n t )2 ) = O(N 2 ).

6.3. Computing Dsucc(r)
* when r and succ(r) are on different components

In this case, we must have r = br( j) and succ(r) = bl( j + 1 ) for some j,
1 £ j £ c b . (We include the case where r = br(c b ) and succ(r) is the right pseudo-
point bl(c b + 1 ).) Note that R r ,succ(r) = L r ,succ(r) = T t È E t and R succ(r) Í R r .

We shall again compute Dsucc(r)
q by considering each qÎ Rsucc(r)

q in order. How-
ever, this time, we shall treat the members of Rsucc(r)

q in left to right order instead of right
to left. Consequently, we will use pointers to points prev(x) analogous to the pointers to
next(x) used in Section 6.2.

Definition. If x is a top component point other than tl( 1 ), then prev(x) denotes the
rightmost member of T t È E t to the left of x.

Our new computation when r and succ(r) are on different components will be a
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departure from the structure of Section 5. It will take O( 1 ) time regardless of the type of
point q we are processing and will not use auxiliary functions. We avoid the need for
auxiliary functions due to the following observation:

Lemma 6.2. Given two top alignment points p and q, with p to the left of q, the
density in the range [p ,q] is the same for any configuration with br( i) aligned with or to
the left of p and bl( i + 1 ) aligned with or to the right of q

Proof. There are no terminals on the bottom within [br( i) ,bl( i + 1 ) ]. Therefore,
the set of terminals to the left of p, the set of terminals to the right of q, and the order of
terminals within [p ,q], which together determine the density in [p ,q], are the same
regardless of whether br( i) is aligned with p or some top alignment point p¢to the left of
p and whether br( i + 1 ) is aligned with q or some top alignment point q¢to the right of q.
The density in [p ,q] is thus the same for any such configuration.

In computing Dsucc(r)
q for q Î Rsucc(r)

q , there are four cases to consider.

(1) q is a member of R succ(r) and is not tl( i) for any i.

(2) q equals tl( i) for some i³ 1.

(3) q is an interval point representing (q L ,q R ).

(4) q is a gap point, tr( 0 ) or tl(c t + 1 ).

The following Lemma will thus imply that Dsucc(r)
* can be computed and incorporated

into the data structure for Rsucc(r)
q in time O(N 2 ).

Lemma 6.3. Suppose we are give the data structures for Rsucc(r)
q , Rr

q and Dr ,succ(r)
* ,*

as described, and pointers to q and prev(q). Suppose we are computing the values of
Dsucc(r)

* from left to right. Then in all cases, the time needed to compute Dsucc(r)
q is

O( 1 ).

Proof. In what follows, we shall assume without loss of generality that in any con-
figuration in which the interval [r ,succ(r) ] has non-zero length, the top components are
in a minimum separation configuration within this interval. If not, then we could close
any mutual gap without affecting density by simultaneously shifting all components (top
and bottom) that are to the right of the gap leftward until the gap is closed. We shall con-
sider the cases in order.

(Case 1) Let pred(q) denote the rightmost element of R succ(r) to the left of q. We
claim that

Dsucc(r)
q = min (Dr

q , max (Dsucc(r)
pred(q) + q ,Dr ,succ(r)

prev(q) + q,q ) ). (6.1)

To see why (6.1) is true, let us first partition the configurations in which q is aligned



- 50 -

with succ(r) into two classes: those in which r is also aligned with q (type A) and those
in which r is strictly to the left of q (type B). First consider configurations of type A.
The maximum density within the interval [br[ 0 ] ,succ(r) ] for any such configuration is
the same as that within the interval [br[ 0 ] ,r] (since succ(r) is not a terminal). This
means that the type A configuration must have density at least Dr

q in the interval
[br[ 0 ] ,succ(r) ]. Conversely, consider a configuration that aligns q with r and has maxi-
mum density Dr

q in the interval [br[ 0 ] ,r]. Such a configuration must exist by definition
of Dr

q . By sliding the component containing succ(r) left until r and succ(r) coincide,
this configuration can be converted to one of type A that has the same maximum density
in [br[ 0 ] ,succ(r) ]. Thus the minimum value for maximum density within
[br( 0 ) ,succ(r) ] that is achievable by a type A configuration is precisely Dr

q .

Now consider configurations of type B. Any such configuration must leave a non-
zero distance between r and succ(r). For a configuration P of type B, let x be a top com-
ponent point between r and succ(r) and to the right of pred(q). Point x is represented by
pred(q) + q in Rsucc(r)

q and by prev(q) + q in Lr ,succ(r)
q (since L r ,succ(r) consists only of

members of T t È E t , given that neither r nor succ(r) is a terminal). The maximum den-
sity within [br( 0 ) ,succ(r) ] for P must occur either in [br[ 0 ] ,x] or [x ,q], or both. (If it
does not occur in [br[ 0 ] ,x] then it must in fact occur at q, which is the only terminal in
[x ,q].) (See the left half of Figure 6.2, where the two intervals are differently shaded.)

Consider the configuration P¢obtained from P by sliding succ(r) leftward to align
with x (Figure 6.2, top right). The maximum density for P in the interval [br[ 0 ] ,x]
equals the maximum density for P¢ in the interval [br( 0 ) ,succ(r) ], which is at least
Dsucc(r)

pred(q) + q by definition of the latter. By Lemma 6.2, the maximum density for P in the
interval [x ,q] equals Dr ,succ(r)

prev(q) + q,q (Figure 6.2, bottom right). Therefore, the maximum
density for P within [br( 0 ) ,succ(r) ] must be at least max (Dsucc(r)

pred(q) + q ,Dr ,succ(r)
prev(q) + q,q ).

Conversely, let Q be a configuration in which succ(r) is aligned with a point x in
the interval (pred(q) ,q) and the maximum density in the interval [br[ 0 ] ,succ(r) ]
equals Dsucc(r)

pred(q) + q. If we slide the component containing succ(r) rightward until succ(r)
aligns with q we obtain a type B configuration Q¢for which the maximum density in the
interval [br[ 0 ] ,x] remains equal to Dsucc(r)

pred(q) + q, and the maximum density in the interval
[x ,succ(r) ] must equal Dr ,succ(r)

prev(q) + q,q by Lemma 6.2. Thus the minimum value for the
maximum density within [br( 0 ) ,succ(r) ] that is achievable by a type B configuration is
precisely max (Dsucc(r)

pred(q) + q ,Dr ,succ(r)
prev(q) + q,q ). Combining this with our earlier observation

about the minimum density achievable by configurations of type A, we conclude that
(6.1) holds. This implies that Dsucc(r)

q can be computed in constant time, since we just
previously obtained the value of Dsucc(r)

pred(q) + q, have a pointer into the representation for Dr
*
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r

q

succ(r)

pred(q) x

q

succ(r)r

pred(q) x

r

q

succ(r)

pred(q) x

FIGURE 6.2. A Case 1, Type B configuration in the proof of Lemma 6.3.

that can get us Dr
q in constant time, and can access Dr ,succ(r)

prev(q) + q,q in constant time using
our pointer to prev(q).

(Case 2) The argument is similar to that for Case (1). Our initial assumption that
top components are in a minimum separation configuration within [r ,succ(r) ] implies
that any configuration of type B (a non-zero distance between r and succ(r)) must have
succ(r) also aligned with tr( i - 1 ). Therefore, in this case, the minimum value for the
maximum density within [br( 0 ) ,succ(r) ] that is achievable by a type B configuration is
Dsucc(r)

tr(i - 1 ) . This gives

Dsucc(r)
tl(i) = min (Dr

tl(i) ,Dsucc(r)
tr(i - 1 ) ).

(Case 3) We know that q L Î R r and q R Î R r since R succ(r) Í R r . However, q L and
q R may not be consecutive points in R r . Therefore, choose a representative point, x, for
interval (q L ,q R ) in Rsucc(r)

q sufficiently close to q L so that x is also a representative point
for qL

q in Rr
q. We claim that:

Dsucc(r)
x = Dsucc(r)

q L + q = min (Dr
q L + q ,Dsucc(r)

q L ). (6.2)

To see why (6.2) is true, we partition the configurations in which x is aligned with
succ(r) into two classes: those in which r is in the interval (q L ,x] (type A) and those in
which r is at or to the left of q L (type B). First consider configurations of type A. Let P

be such a configuration, and let y denote the point within (q L ,x] that is aligned with r in
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P. The density within (y ,x] is constant and cannot be different from the density at y,
since there are no terminals in this interval. Thus the maximum density of P within

[br( 0 ) ,x] is at least as large as Dr
y = Dr

q L + q. Conversely, consider a configuration that
aligns r with y and has maximum density Dr

y in the interval [br( 0 ) ,y]. This can be
extended to a configuration that aligns succ(r) with x and has maximum density Dr

y in
the interval [br[ 0 ] ,succ(r) ] simply by sliding the component containing succ(r) until
succ(r) aligns with x. Thus the minimum value for the maximum density within

[br( 0 ) ,succ(r) ] that is achievable by a type A configuration is precisely Dr
x = Dr

q L + q.

Now suppose P is a configuration of type B and so r is located at or to the left of q L .
(See Figure 6.3.) The maximum density for P within [br( 0 ) ,succ(r) ] occurs either in
the interval [br[ 0 ] ,q L ] or in [q L ,x] (or both). Note, however, that there are no termi-
nals on either the top or bottom within the interval (q L ,x], and therefore, the density in
this interval is constant and no larger than the density at q L . Thus it can be safely
ignored. But note also that the maximum density in [br[ 0 ] ,q L ] for P is the same as the
maximum density in the interval [br[ 0 ] ,succ(r) ] for the configuration P¢obtained from
P by sliding succ(r) to align with q L . We conclude that the maximum density for P

within [br( 0 ) ,succ(r) ] is at least as large as Dsucc(r)
q L .

r

qL

succ(r)

x

r

qL

succ(r)

x

P P'

FIGURE 6.3. A Case 3, Type B configuration in the proof of Lemma 6.3.

Conversely, consider a configuration Q with q L aligned with succ(r) whose maxi-

mum density in the interval [br[ 0 ] ,succ(r) ] is Dsucc(r)
q L . (Such a configuration must

exist by definition.) If we slide the component containing succ(r) rightward until
succ(r) is aligned with x, we will not change the maximum density in [br[ 0 ] ,succ(r) ],

since there will be no terminals in the interval (q L ,x], and it will continue to be Dsucc(r)
q L .

Thus this is the minimal achievable density in [br[ 0 ] ,succ(r) ] for a configuration of
type B.
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Combining this result with the one just obtained for the minimum density achiev-
able by configurations of type A, we conclude that (6.2) holds. Once again the relevant

values can be accessed in constant time. Thus Dsucc(r)
x = Dsucc(r)

q L + q can itself be computed
in constant time, as desired.

(Case 4) This case is similar to case (3). If q = tr( i) + D, then q L is replaced by tr( i)
q R is replaced by tl( i + 1 ), and q L + q is replaced by tr( i) + D. Thus,

Dsucc(r)
tr(i) + D = min (Dr

tr(i) + D,Dsucc(r)
tr(i) ).

If q = tl(c t + 1 ), then q L is replaced by tr(c t ) and q L + q is replaced by tl(c t + 1 ). If
q = tr( 0 ), we have a degenerate case since there is no element of R succ(r) preceding q,
and Dsucc(r)

tr( 0 ) = Dr
tr( 0 ) .

This concludes the proof of Lemma 6.2.

Lemma 6.2 implies that in the case that r and succ(r) are on different components,
the data structure for Rsucc(r)

q and the values of Dsucc(r)
* can be computed in time

O(ï R succ(r) ï ) = O(ï R rï ). Recall that in Section 6.2, we showed that in the case that r

and succ(r) are on the same components, the necessary auxiliary functions, the data
structure for Rsucc(r)

q , and the values of Dsucc(r)
* can be computed in time

O(ï R succ(r) ï + nt
2 ). Combining these results, we conclude that in all cases, the time for

building the data structure for Rsucc(r)
q and computing the values of Dsucc(r)

* is
O(ï R succ(r) ï + nt

2 )= O(N 2 ). This computation has to be performed for each of the
O(n b ) points in T b È E b to the right of bl( 1 ), yielding an overall time bound of O(N 3 )
for the algorithm to compute the optimum density over all top and bottom configurations.

7. Fine-Tuning the Speed-Ups

In this section we present some modifications to the O(N 3 ) algorithm of the previ-
ous section that should improve its behavior in practice. The first modification arises
because even with the use of DRMINr

* , many minimizations are repeatedly recomputed.
We shall define additional auxiliary functions to save on this work, leading to running
times that in certain cases can be O(N 2. 5 ) or even O(N 2 ). The second modification is to
restrict attention where possible to the true (rather than potential) points of change for the
functions Dr

* , r Î T b È E b , which may significantly reduce the number of possibilities we
need to consider.
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7.1. The first modification: Using additional auxiliary functions

We begin by refining the parameters of the problem. Let lmax b be the maximum
number of bottom components that can simultaneously overlap a single top component
and lmax t be the maximum number of top components that can simultaneously overlap a
single bottom component. Let bmax be the maximum number of terminals on a bottom
component. Note that lmax b £c b and lmax t £c t We will improve the running time to

O(n b n t lmax t + SrÎ E b È T b ï R rï ) = O(n b n t lmax t + n b n t lmax b bmax) (7.1)

To see that SrÎ E b È T b ï R rï = O(n b n t lmax b bmax), consider the points in R r for any

given r Î T b È E b . Let r be on bottom component Kj
b . Each defining alignment pair for a

point in R r consists of an element of T t È E t and an element of T b È E b that is on one of
components Kj - lmax b + 1

b , Kj - lmax b + 2
b , . . . , Kj

b . Bottom alignment points on any compo-

nent to the left of Kj - lmax b + 1
b could not satisfy the requirement that the top point of the

alignment pair be on the same component as the member of R r if the bottom point is not
on the same component as r. Therefore, there are at most n t lmax b bmax defining align-
ment pairs for a give R r and ï R rï = O(n t lmax b bmax).

The more detailed running time bound of (7.1) is of interest since bmax, lmax b , and
lmax t may often be bounded in practice, in which case the new bound translates to an
improved running time in terms of N. For example, suppose lmax t is O( 1 ) and the prod-

uct (lmax b ) (bmax) is O(Ö` ̀N ), as would happen for instance when there are roughly Ö` ̀N

components on top and bottom, all of about the same size and all containing about the

same number (O(Ö` ̀N )) of terminals. Then the overall running time of the algorithm
becomes O(N 2. 5 ). If both lmax t and the product (lmax b ) (bmax) are O( 1 ), as would
happen for instance when there are roughly N components on top and bottom, all of about
the same size and all containing a constant number of terminals, then the overall running
time becomes O(N 2 ). Note that if we assume only that all the components are the same
size (and don’t make assumptions about numbers of terminals per component), then
SrÎ E b È T b ï R rï may become the bottleneck. This would occur if the typical ï R rï grows

faster than n t , since we will have lmax t = O( 1 ) and a running time of
O(n b n t + SrÎ E b È T b ï R rï ). Our second modification, the use of true points of change,

will address this issue.

We now present the the first modification. We will follow the structure of the algo-
rithm presented in Section 6, but improve the computation where necessary. Section
7.1.1 covers the computation of D succ(r) when r and succ(r) are on the same component.
When r and succ(r) are on different components, a careful analysis reveals that we are
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already achieving the improved running time, as explained in Section 7.1.2.

7.1.1. Computing Dsucc(r)
* when r and succ(r) are on the same component.

The first part of the computation that must be improved is the calculation of
Dr ,succ(r)

* ,* , which takes time O(nt
2 ) per r and so is too slow to meet our proposed new

bound. In our reorganized computation, however, we will not be using explicit values for
Dr ,succ(r)

p ,q except when qÎ R r ,succ(r) and p = left r (q). For each r, these can be computed
in time O(n t ) by sweeping the minimum separation configuration of the top past the bot-
tom, yielding an overall time of O(n b n t ).

Now consider the task of deriving Dsucc(r)
* from Dr

* . Referring to the proof of
Lemma 6.1, we see we must improve the running time in cases (2), (5) and (7) from
O(N) to O( lmax t ), since there are O(n t ) members of Rsucc(r)

q satisfying these cases. We
must also show that our modifications do not affect the original computations for cases
(1), (3), (4), and (6). The new auxiliary functions we define are motivated by the obser-
vation that many values of qÎ R succ(r) allow the same configurations in the interior of
(r ,succ(r) ). Each configuration can be viewed as having three parts as illustrated in Fig-
ure 7.1: the region from br( 0 ) to the right endpoint of the component containing the
point p that aligns with r (Region 1), the region consisting of top components completely
within (r ,succ(r) ) (Region 2), and the region from the point q aligned with succ(r) left
to the left endpoint of the component containing q (Region 3). Our first auxiliary density
function, frwdDr

x , deals with Region 1. The prefix frwd stands for ‘‘forward from r’’.
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FIGURE 7.1. Regions used in defining auxiliary functions frwdDr
x , etc.

Definition. Let x be any top alignment point. If x is a gap point or tl(c t + 1 ) or
tr( 0 ), then frwdDr

x = Dr
x . Otherwise, let Ki

t be the top component containing x. If
sep(x ,tr( i) ) < sep(r ,succ(r) ), then frwdDr

x is the maximum of Dr
x and the maximum

density within [x ,tr( i) ] when x is aligned with r. Otherwise,
sep(x ,tr( i) ) ³ sep(r ,succ(r) ) and frwdDr

x = ¥
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This is an extension of our density function to include the maximum density under
the portion of the component containing x extending forward into the [r ,succ(r)] region.
Since there are no bottom terminals within the open interval (r ,succ(r) ), the elements of
Rr

q can be used to represent frwdDr
* . Function frwdDr

* can be computed in time O(ï R rï )
from Dr

* by sweeping the minimum separation configuration of the top past the bottom to
compute the appropriate density within (r ,succ(r) ). Our next auxiliary function paral-
lels the use of DRMINr

* in Section 6.2.

Definition. Suppose x is a top alignment point. If it is a component point and the
component containing it is Ki

t , then

frwdDMINr
x = min { frwdDr

y : x £ y £ tr( i) } .

Otherwise, frwdDMINr
x = frwdDr

x .

Again the elements of Rr
q can be used to represent frwdDMINr

* , and frwdDMINr
*

can be computed from frwdDr
* in time O(ï R rï ).

Our next auxiliary function, bkwdDsucc(r)
q , deals with Region 3 of Figure 7.1, with

the prefix bkwd intended to denote ‘‘backward from succ(r)’’.

Definition. Suppose q is a top alignment point. If it is a component point, let the
component containing it be Ki

t . If minsep( tl( i) ,q) < sep(r ,succ(r) ), then bkwdDsucc(r)
q

is the maximum density within [tl( i) ,q] when q is aligned with succ(r). Otherwise
minsep( tl( i) ,q) ³ sep(r ,succ(r) ) and we set bkwdDsucc(r)

q = ¥ . If q = tr( 0 ),
bkwdDsucc(r)

tr( 0 ) is the density at succ(r) when tl( 1 ) is strictly to the right of succ(r). If

q = tl(c t + 1 ), bkwdDsucc(r)
tl(c t + 1 ) is the density at succ(r) when tr(c t ) is strictly to the left of

succ(r). If q is a gap point tr( i) + D, 1 £ i < c t , bkwdDsucc(r)
tr(i) + D is the maximum density

within (tr( i) ,succ(r) ] when tr( i) is within [r ,succ(r) ) and tl( i + 1 ) is strictly to the
right of succ(r).

As defined, bkwdDsucc(r)
* can be represented by elements q of T t È E t , points q + q,

and gap points. It is finite-valued so long as q is a gap point or q is a component point
and left r (q) is not on the component containing q. It can be computed in time O(n t ) by
sliding each component leftward past succ(r) in the manner of Section 3.

Our final auxiliary function, inD r ( i , j), deals with the Region 2 of Figure 7.1.

Definition. Suppose i and j are any two integers such that 1£i , j£c t . If i > j, then
inD r ( i , j) = 0. If i £ j and minsep( tl( i) ,tr( j) ) < sep(r ,succ(r) ), then inD r ( i , j) is
the maximum density within [tl( i) ,tr( j) ] when all Kh

t , i£h£ j, are strictly within
(r ,succ(r) ). Otherwise, inD r ( i , j) = ¥ .

Note that inD r ( i , j) is well-defined because the maximum density within
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[ tl( i) ,tr( j) ] is constant for any configuration with components Ki
t through Kj

t strictly
within (r ,succ(r) ), given that there are no bottom terminals in (r ,succ(r) ). Note also
that inD r ( i , j) is finite-valued so long as left r ( tr( j) ) < tl( i), and for any j there can only
be lmax t such values of i. To compute the finite values of inD r ( i , j), we first compute
the values inD r ( i ,i), which can be done by extending the computation for bkwdDsucc(r)

*

to note the maximum density along a component Ki
t once it is completely within

(r ,succ(r) ) before beginning the computation of bkwdDsucc(r)
tl(i + 1 ) . Once we have inD r ( i ,i)

for all i, we can compute inD r ( i , j) for all pairs (i , j) such that left r ( tr( j) ) < tl( i) in time
O(c t lmax t ) by using the recurrence relation

inD r ( i , j) = max {inD r ( i ,i) ,inD r ( i + 1 , j) }

Given the auxiliary functions, we can now update Lemma 6.1:

Lemma 7.1. Suppose we are given the data structures for Dr
* and the auxiliary

functions frwdDMINr
* , bkwdDsucc(r)

* and inD r ( ), along with pointers to q and left r (q),
and are computing the values of Dsucc(r)

* from right to left. Then in cases (2), (5), and (7)
the time needed to compute Dsucc(r)

q is O( lmax t ), and in cases (1), (3), (4) and (6) it is
O( 1 )

Proof. We shall consider the cases in the order (2), (5), (7), (1), (3), (4), (6).

(Case 2). Point q is a member of T t È E t and left r (q) is not on the same compo-
nent as q. Suppose q is on component Ki

t , in which case left r (q) is either undefined or
on Kj

t for some j, 1 £ j < i. (In the former case, we shall say that j = 0.) Note that
i - j + 1 £ lmax t . The set legal r (q) thus consists of

(a) all gap points tr(h) + D, j £ h < i, where if h = 0 we take tr( 0 ) + Dto be tr( 0 ),

(b) all points that lie on components Kh
t , j < h < i, and

(c) left r (q) and all points to its right on Kj
t (when j > 0).

Recall that Dsucc(r)
q = min{densitysucc(r)

q (p) : tr( 0 ) £ p £ q}. For gap points,
tr(h) + D satisfying (a), we can afford the time to calculate densitysucc(r)

q ( tr(h) + D) =
max (Dr

tr(h) + D,Dr ,succ(r)
tr(h) + D,q ), assuming we can derive the value of Dr ,succ(r)

tr(h) + D,q in constant
time. For this, note that the maximum density within (r ,succ(r) ] differs from the maxi-
mum density within [r ,succ(r) ] only in that it does not depend on the density at point r.
Since the definition of Dr

p already considers this density, we only need derive the maxi-
mum density within (r ,succ(r) ]. Thus it suffices to consider the interval [tl(h + 1 ) ,q],
since the interval (r ,tl(h + 1 ) ) contains no terminals and has the same density as
tl(h + 1 ). Therefore, we can substitute for Dr ,succ(r)

tr(h) + D,q the term
max (inD r (h + 1 ,i - 1 ) , bkwdDsucc(r)

q ), yielding
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densitysucc(r)
q ( tr(h) + D) = max {Dr

tr(h) + D, inD r (h + 1 ,i - 1 ) , bkwdDsucc(r)
q } .

This calculation can be done in O( 1 ) for each gap point, and O( lmax t ) for all gap points
in legal r (q).

For elements x of legal r (q) that satisfy (b), we do not calculate
min{densitysucc(r)

q (x)} directly. We combine frwdDMINr
tl(h) , inD r (h + 1 ,i - 1 ), and

bkwdDsucc(r)
q . For each component Kh

t , we need

min
ì
í
î
max { frwdDr

x ,inD r (h + 1 ,i - 1 ) , bkwdDsucc(r)
q ) } ï x on Kh

t
ü
ý
þ

= max { frwdDMINr
tl(h) , inD r (h + 1 ,i - 1 ) , bkwdDsucc(r)

q }

Since there are at most lmax t values of h, the time for this calculation is O( lmax t ).

For points on Kj
t (satisfying c), we need only calculate

max { frwdDMINr
left r (q) , inD r ( j + 1 ,i - 1 ) , bkwdDsucc(r)

q } ,

and this takes time O( 1 ).

(Case 5). Point q is an interval point representing (q L ,q R ), left r (q L ) is not on the
same component as the interval, and q R or left r (q R ) is a member of T t È E t . As in the
proof of Lemma 6.1, the argument for Case 2 works for this case as well by choosing an
arbitrary representative of the interval.

(Case 7). Point q is tr(c t ) + D = tl(c t + 1 ), tr( 0 ) + D = tr( 0 ), or a gap point
tr( i) + D for some i, 1 £ i < c t . If left r (q) is on a component, let that component be Kj

t ,
otherwise, let j = 0. We partition the set legal r (q) slightly differently than in Case (2):

(a) gap point tr( i) + D.

(b) all gap points tr(h) + D, j £ h < i, where if h = 0 we take tr( 0 ) + Dto be tr( 0 ).

(c) all points that lie on components Kh
t , j < h £ i, and

(d) all points to the right of left r (q) on Kj
t (when j > 0). (Note that when q is a gap

point, left r (q) is itself not in legal r (q).)

Cases (7b) and (7c) are computed analogously to Cases (2a) and (2b) except that
inD r (h + 1 ,i) is used instead of inD r (h + 1 ,i - 1 ). Case (7d) follows Case (2c), except
that left r (q) is not in legal r (q); therefore we use

max { frwdDMINr
left r (q) + q , inD r ( j + 1 ,i) , bkwdDsucc(r)

q }

Note that this involves a slight abuse of notation, since left r (q) may not be in R r , in
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which case left r (q) + q denotes q¢ + q, where q¢is the rightmost member of R r to the left
of left r (q).

Case (7a) represents the configuration where tr( i) is strictly to the left of r and
tl( i + 1 ) is strictly to the right of succ(r). In this case, the maximum density within
(r ,succ(r) ] is the same as the maximum density within (tr( i) ,succ(r) ] for a configura-
tion with tr( i) within [r ,succ(r) ) and tl( i + 1 ) strictly to the right of succ(r), since the
terminals to the left and right of the intervals in question are the same. Therefore, we can
use the term max {Dr

tr(i) + D, bkwdDsucc(r)
tr(i) + D} for densitysucc(r)

tr(i) + D( tr( i) + D).

(Cases 1, 4, 3 and 6). The computation used in the proof of Lemma 6.1 in these
cases requires only O( 1 ). Therefore, we need only show the same computation can be
carried out after our modifications above.

In Cases (1) and (4) of the proof of Lemma 6.1, we need the value of Dr ,succ(r)
left r (x) ,x and

Dr
x , both of which we have. In Case (3), we require Dsucc(r)

q + q , Dr
left r (q) , and Dr ,succ(r)

left r (q) ,q .

All of these values are available. Finally, in Case (6), we require Dsucc(r)
q R , Dr

left r (x) , and

Dr ,succ(r)
left r (q R ) ,q R . Again, all of these values are available in constant time.

This completes the proof of Lemma 7.1.

The time to compute auxiliary functions frwdDr
* , frwdDMINr

* , bkwdDr
* , and inD r ( )

given Dr
* is O(ï R tï + n t + c t lmax t ); the time to compute Dr ,succ(r)

left r (q) ,q for qÎ R r ,succ(r) is
O(n t ). From Lemma 7.1, we conclude that the time to compute Dsucc(r)

* given these
functions and Dr

* is O(ï R tï + n t lmax t ). Therefore, the total running time to compute
Dsucc(r)

* given Dr
* is O(ï R tï + n t lmax t ).

7.1.2. Computing Dsucc(r)
* when r and succ(r) are on different components

In this case, the computation presented in Section 6.2 can be used without change.
We need only to be more careful about what we compute. Lemma 6.3 states that we can
compute Dsucc(r)

* in time O( 1 ) if we have the data structures for Rsucc(r)
q , Rr

q and
Dr ,succ(r)

* ,* and pointers to q and prev(q). We have already seen that we can obtain
R succ(r) from R r in time O(ï R rï ). Setting up the necessary pointers can be done as
R succ(r) is computed. Only the calculation of Dr ,succ(r)

* ,* presents a problem for our faster
running time. However, on closer examination of the proof of Lemma 6.2, we see that
only a very restricted set of values of Dr ,succ(r)

* ,* are used, namely: Dr ,succ(r)
prev(q) + q,q in Case

(1), and nothing in Case (2), (3), and (4). Since R r ,succ(r) = T t È E t , we need only com-
pute the O(n t ) values Dr ,succ(r)

prev(q) + q,q for qÎ T t È E t , which is straightforward to do in time
O(n t ).

The total time to compute Dsucc(r)
* when r and succ(r) are on different components
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is thus bounded as follows. We use O(ï R tï ) preprocessing time to compute R succ(r) and
set up pointers, O(n t ) preprocessing time to compute the limited set of values of
Dr ,succ(r)

* ,* , and O( 1 ) per element of R succ(r) to compute Dsucc(r)
* . Since

ï R succ(r) ï = O(ï R rï ) , we have a total computation time of O(ï R rï + n t ).

Combining this with the time to compute Dsucc(r)
* when r and succ(r) are on the

same component, O(ï R tï + n t lmax t ), and summing over all r Î T b È E b yields an over-
all time bound of O(n b n t lmax t + SrÎ E b È T b ï R rï ).

7.2. Using true points of change.

The modifications to our algorithm described above can in certain special cases lead
to improved asymptotic worst-case bounds as a function of N. The modification we now
consider doesn’t have that benefit, but may substantially reduce running times in prac-
tice. This modification involves replacing our sets R r of ‘‘potential’’ points of change
for Dr

* by the ‘‘true’’ points of change for the function. Proposition 4.2 guarantees that
R r partitions Dr

* into constant-valued regions. However, it does not guarantee that R r is
the coarsest such partition. The set of true points of change is the smallest set which par-
titions Dr

* into constant-valued regions.

Definition. A top component point q is a true point of change for Dr
* if there is no

e > 0 such that for all 0 £ d < e, Dr
q = Dr

q - d = Dr
q + d.

Definition. Rr
true is the set consisting of T t È E t together with all the true points of

change for Dr
* .

Definition. Rr
qtrue consists of Rr

true augmented with the gap points tl( j) + D,
1 £ j < c t , and the interval points q + q for each point q Î Rr

true that is not a right end-
point, with q + q representing all the points lying between q and the next member of Rr

true

on the same component.

Note that by the definition of true point of change, Dr
* will be constant for the set of

points represented by a q-point. Also note that by Proposition 4.2, Rr
true Í R r , and for

each element of Rr
true there is at least one defining alignment pair.

Our improvement is simply to use Rr
true in place of R r wherever possible, a replace-

ment that is perfectly consistent with equation (5.1) for computing Dsucc(r)
* from Dr

* . We
cannot make this replacement completely, since we do not know Rsucc(r)

true until we have
constructed Dsucc(r)

* . However, given Rr
true , we can compute a candidate set Rsucc(r)

true + that
contains Rsucc(r)

true and has size O(ï Rr
true

ï + n t ).

Definition. Suppose r is a member of T b È E b other than bl(c b + 1 ). Then
Rsucc(r)

true + is the set consisting of
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(1) T t È E t

(2) Any top component point q such that there exists a top component point p £ q

where p Î Rr
true , minsep(p ,q) = minsep(r ,succ(r) ), and the rightmost defining align-

ment pair for p is also a defining alignment pair for q.

Lemma 7.2. Rsucc(r)
true Í Rsucc(r)

true + .

Proof. The proof is by contradiction and uses component sliding. Suppose there is
an element q of Rsucc(r)

true that is not in Rsucc(r)
true + . Note that q cannot be a member of

T t È E t , but it must be a member of R succ(r) by Proposition 4.2. We divide into cases,
depending on whether r and succ(r) are on the same component.

Suppose first that r and succ(r) are on different components, i.e., that for some j

r = br( j) and succ(r) = bl( j + 1 ). If q were in Rr
true , then by definition q would also be

in Rsucc(r)
true + , since minsep(r ,succ(r) ) = 0 and since a defining alignment for q with

respect to succ(r) exists by the fact that q is in R succ(r) - (T t È E t ). Thus we may
assume that q is not in Rr

true . This means that there in an e >0 such that Dr
q¢ = Dr

q for all
q¢in the interval (q - e ,q + e). Let D be this common value.

Now since q is a point of change for Dsucc(r)
* but not a terminal, it must be the case

that there is some d, 0 £ d < e, such that Dsucc(r)
* is not constant in the interval

(q - d ,q + d) and yet the interval contains no member of T t . Let q min and q max be points
in the interval at which Dsucc(r)

* takes on its minimum and maximum values, D min and
D max . Note that Dsucc(r)

q¢ £ Dr
q¢ for all q¢, since a configuration with q¢aligned with r

and with maximum density D in the interval [br( 0 ) ,r] can be made into a configuration
with succ(r) aligned with q¢and maximum density D in the interval [br( 0 ) ,succ(r) ],
simply by making r and succ(r) (br( j) and bl( j + 1 )) coincide, given that component
endpoints cannot be terminals. Thus we must have D min < D max £ D.

Let P be a configuration with q min aligned with succ(r) such that the maximum
density in [br( 0 ) ,succ(r) ] is D min . Let q A £ q min be the top point aligned with r in P.
Suppose first that q A < q max . Then we can slide the bottom component containing
succ(r) left (or right) until succ(r) is aligned with q max , without fear of being blocked
by the component containing r. This alteration of the configuration does not change the
maximum density in the interval [br( 0 ) ,succ(r) ] since (q - d ,q + d) contains no termi-

nals. But this would imply D max = Dsucc(r)
q max £ D min , contrary to hypothesis.

On the other hand, if q A ³ q max then we must have q max £q A £ q min and q A will

be in the interval (q - d ,q + d) Í (q - e ,q + e). Thus we must have Dr
q A = D by our

choice of e. This means that every configuration that aligns q A with r must have density
D or more somewhere in the interval [br( 0 ) ,r]. In particular, our configuration P must,
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contradicting the claim that its maximum density to the left of succ(r) was D min < D.
This exhausts the possibilities, so we can conclude that the lemma holds when r and
succ(r) are on different components.

Now assume that r and succ(r) are on the same component. Since
qÎ R succ(r) - (T t È E t ), left r (q) must be in R r . Since q is not in Rsucc(r)

true + , left r (q) is not
in Rr

true . Thus there is an e, 0 < e < (succ(r) - r) /2, such that Dr
* takes on a constant

value D in the interval (left r (q) - e ,left r (q) + e) and such that the interval contains no
element of T t . On the other hand, since q is a point of change for Dsucc(r)

* but not in T t ,
there exists a d, 0 < d £ e, such that Dsucc(r)

* takes on more than one value in the interval
(q - d ,q + d), and that interval contains no element of T t . (For future reference, note that
our choices of e and d insure that left r (q) + e < q - d .) Let q min and q max be points in
(q - d ,q + d) at which Dsucc(r)

* takes on its minimum and maximum values, D min and
D max . We subdivide further into cases, depending on whether q and left r (q) are on the
same component.

Suppose first that q and left r (q) are on the same component Kj
t , and consider two

configurations P min and P max , the first aligning succ(r) with q min and realizing maxi-
mum density D min , the second aligning succ(r) with q max and realizing maximum den-
sity D max . Both configurations align r with points in the interval
( left r (q) - e ,left r (q) + e), and hence we may assume without loss of generality that in
both the maximum density occurring in the interval [br( 0 ) ,r] is precisely D. Thus the
fact that D min < D max implies that the configurations P min and P max differ as to the
maximum density within the interval (r ,succ(r) ]. However, this cannot be true, since in
both configurations the set of of top terminals in the given interval is precisely the set of
those between left r (q) + e and q - d on component Kj

t , and the only bottom terminal in
the interval is (possibly) succ(r), which in neither case is aligned with a member of T t .
Thus we must have D min = D max , a contradiction.

Now suppose q and left r (q) are on different components. Let P be a configuration
in which succ(r) is aligned with q min and maximum density D min is realized. Because q

and left r (q) are on different components, the left endpoint of the component containing
q min and q max must be to the right of r in P. If q max were to the left of q min , we could
slide that component rightward until succ(r) was aligned with q max without undergoing
any changes in terminal alignment, since there are no terminals between r and succ(r) on
the bottom, and none in (q - d ,q + d) on the top. But this would imply D max £ D min , a
contradiction. Thus we may assume that q max > q min . Now suppose we start sliding the
component containing q min (and subsequent abutting components) leftward until one of
the following two options occurs: (a) q max aligns with succ(r), in which case the above
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reasoning again gives a contradiction, or (b) there are no gaps on the top of the channel
between r and succ(r). In the latter case, let P¢be the configuration reached, and observe
that the above reasoning again implies that the maximum density in P¢in the interval
[br( 0 ) ,succ(r) ] remains D min . Further, note that since succ(r) is aligned with a top
point between q min and q max , that point lies in the interval (q - d ,q + d). Thus, since
there is no longer any gap in the top configuration between r and succ(r), r must be
aligned with a top point in the interval (left r (q) - e ,left r (q) + e). Thus we may assume
without loss of generality that the maximum density in the interval [br( 0 ) ,r] is precisely
D. Now resume pushing leftward until q max aligns with succ(r), and call the resulting
configuration P¢ ¢. At this point r will be aligned with left r (q max ), and so will still be in
the interval (left r (q) - e ,left r (q) + e). But now an argument similar to the one we used
for the case when q and left r (q) were on the same component suffices to imply
D max = D min , a final contradiction.

Each of the algorithms of Sections 5, 6 and 7.1 relies on the facts that R r and
R succ(r) partition Dr

* and Dsucc(r)
* into regions of constant value and that any element of

R r or R succ(r) must have a defining alignment. Replacing R r by Rr
true and R succ(r) by

Rsucc(r)
true + does not change these facts. Thus, each of the algorithms will correctly compute

Dsucc(r)
* when R r is replaced by Rr

true and R succ(r) is replaced by Rsucc(r)
true + . Once Dsucc(r)

*

has been computed for all members of Rsucc(r)
true + , the values of Dsucc(r)

* can be examined
and set Rsucc(r)

true can be created. This takes time O(ï Rsucc(r)
true +

ï ) = O(ï Rr
true

ï + n t ). There-
fore, the running time of any of our algorithms is modified by replacing SrÎ E b È T b ï R rï

by SrÎ E b È T b ï Rr
true

ï + n b n t . Our most efficient running time thus becomes

O(n b n t lmax t + SrÎ E b È T b ï Rr
true

ï ).

By our bounds on ï R rï and the definition of N, this is still O(N 3 ) in the worst case.
However, one can well imagine practical situations in which it is faster. In particular, if
lmax t is a constant, the running time becomes O(n b n t + SrÎ E b È T b ï Rr

true
ï ). Thus, if the

sets of true points of change are small, say O(N) each, the entire running time becomes
O(N 2 ). Even in the worst case that lmax t = c t , small sets of true points of change will
have a significant effect on the actual running time.

8. Discussion and Conclusions

We have presented a sequence of more and more efficient algorithms to find the
minimum density achievable by shifting components laterally along a routing channel.
Our best running time is O(n b n t lmax t + SrÎ E b È T b ï Rr

true
ï ). In the general case, this is



- 64 -

O(N 3 ), but in commonly occurring special cases, this becomes O(N 2. 5 ) or even O(N 2 ),
depending on the special case, as discussed in Section 7. Our algorithms are all based on
defining a sequence of density functions Dr

* that use different bottom terminals and end-
points, r, as reference points and analyzing this class of density functions to show that
each has only O(N 2 ) distinct values. The minimum density is computed simply by com-

puting Dbl(c b + 1 )
tl(c t + 1 ) .

The algorithms, as described, allow us to compute the optimum density but do not
directly construct a configuration realizing that density. As is usual for dynamic pro-
grams, there is a time-space trade-off involved in that computation. Consider the O(N 3 )
algorithm of Section 6. If we save all our O(N) data structures for Dr

* , r Î T b È E b ,
then the configuration can be unwound from those structures in additional time O(N 3 ).
To do this, we also need to store for each value of Dsucc(r)

q a value of p that minimizes
densitysucc(r)

q (p) and thus gives an alignment for r at which Dsucc(r)
q can be achieved.

This value of p is obtained in the course of computing Dsucc(r)
* (using values of

rightRMINr
x and leftRMINr

x when necessary) and needs to be stored along with the value
of Dsucc(r)

q . This approach would unfortunately require that we use O(N 3 ) space.

We can reduce the space usage to O(N 2 ) by saving the structures for Dr
* and

Dr ,succ(r)
* ,* only until we have finished the construction of Dsucc(r)

* . This approach, how-
ever, discards too much information to enable us to find out much more about the opti-
mal configuration than simply which top point is aligned with tr(c b ). To complete the
construction of the optimal configuration in O(N 2 ) space, we would have to recompute
the now-discarded structures for the previously constructed Dr

* . If we are to maintain our
space bound, we can save just a constant number of such functions in each O(N 3 )-time
computation. Thus the overall time bound would be O(N 4 ). One can choose between
these two alternatives, depending on the time and space resources available.

Note that density represents only one of the two dimensions of a channel -- width.
One would actually like the configuration that has the shortest length channel and
achieves the minimum density, something our algorithm does not directly provide. Such
configurations can be found, however, with the aid of another dynamic programming
algorithm due to Chao and LaPaugh [ChLa92]. Chao and LaPaugh have devised an
O(N 3 ) time and space algorithm that, given a density target, will find a placement with
minimum channel length among all those placements that have density less than or equal
to the target, if any such placements exist. The work builds on the results presented here,
but uses a different set of density functions for the dynamic programming. (This algo-
rithm could be used to solve our original problem by binary search in time O(N 3 logN)
but would probably be most useful in the indicated post-processing mode.)
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As discussed in Section 1, previously known algorithms for the problem considered
here use a grid embedding and have running times that are polynomial in the length L of
the channel in grid units (O(L 3 ) in [CaWo91], improved to O(L 2 logN) in [GrSh97]).
Note that in our context, such algorithms are actually only pseudopolynomial-time algo-
rithms, since L’s contribution to the input size need only be log L, and L need not in prin-
ciple be polynomially bounded by N. Even a value of L = W(N 1. 5 ) would be enough to
render the best of these algorithms slower than our O(N 3 ) gridless algorithm. However,
although it is a feature of our algorithms that no grid is required and we run in strictly
polynomial time, it is interesting to consider the applicability of our algorithms when
either component endpoints or terminals or both are required to be placed on grid points
-- both in comparison to the earlier algorithms and because this is a restriction often
enforced by layout tools. Call a problem instance grid-based if both the top and bottom
minimum separation configurations can be placed so that all component endpoints and
terminals lie on grid points. If a problem instance is grid-based, then the development of
Section 4 still applies. All the potential points of change will also lie on grid points. The
domain will be changed from a continuous space to a discrete space of grid points, but
the partitioning of the domain of Dl ,r

* ,* into regions of constant value is unchanged. The
O(N 5 ) algorithm of Section 5 and the O(N 3 ) algorithm of Section 6 can be used with
only minor technical changes. The algorithms of Section 7 become more complicated,
but we believe that with some adjustments in the details, they can be applied as well with
no changes in the running times. Alternatively, if one takes our algorithms simply as
given, the resulting placements can typically be shifted to grid embeddings while increas-
ing density by at most 1, as pointed out in Section 2.

Given the running time of the previously known algorithms, one is lead to ask if
there is a relationship between the running time of our algorithms and the length L of the
channel. Our algorithm does not use the grid in any substantive way, but for grid-based
instances, the length of the channel does give an upper bound on the size of any set of
potential points of change because one can only name L grid points. Therefore ï R rï £L

and our best running time becomes O(n b n t lmax t + n b L). Certainly n b ,n t £L and so we
have running time O(L 2 lmax t ). If the components are of relatively equal length, so that
lmax t is a constant, the running time becomes O(L 2 ). However, one must note that none
of the algorithms presented in this paper can deal directly with restricted channel lengths.
That is, the allowable channel length is assumed to be the sum of the lengths of the top
and bottom components. (No placement need be considered that has gaps on the top and
bottom aligned -- such a common gap can be closed without changing the density of the
configuration.) This is in contrast to the results of Cai and Wong [CaWo91] and
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Greenberg and Shih [GrSh97], whose algorithms can handle a restriction on the maxi-
mum channel length. To address such a restriction we must take the combined approach
of first running our algorithm to find the minimum possible density and then using the
algorithm of Chao and LaPaugh [ChLa92] in a binary search procedure to find the mini-
mum density for which the length restriction can be met. This would increase our overall
running time by a factor of log N. If one is willing to perform a linear search over den-
sity values, one can similarly find a configuration that yields the minimum possible prod-
uct of density and length, a useful surrogate for channel area.

The lateral shifting problem can be generalized in a number of ways. In [CaWo94],
Cai and Wong consider the problem of finding a lateral shifting of components that mini-
mizes density, but with the additional flexibility that terminals can shift within each com-
ponent. They present an O(n t n b L 3 ) time algorithm to minimize channel density. This
running time is improved to O(n t n b L 2 logN) by Greenberg and Shih [GrSh97]. (Posi-
tional constraints can be imposed on terminals in the [CaWo94] algorithm but not in the
[GrSh97] algorithm.) It is open whether there is an algorithm that can do this optimiza-
tion in running time independent of L.

Another generalization of the lateral shifting problem is to consider the interaction
of a vertical stack of M horizontal channels. The layout consists of rows of components
with one channel between each pair of adjacent rows. Each component borders the chan-
nel above it (terminals on the top of the component) and below it (terminals on the bot-
tom of the component). Consider the problem where each net is restricted to contain only
terminals that lie on one channel. We are now interested in minimizing the sum of the
channel widths, for which the natural surrogate would be the sum of the maximum densi-
ties in each channel. If there is only one component in each row, the problem of finding
a configuration with the minimum possible sum of maximum channel densities decou-
ples into a sequence of instances of the channel offset problem of Section 3, one for each
channel. It thus can be solved in time O(MNlog N). The problem of what can be done
when there is more than one component per row remains open, however. Even though
any single net does not span multiple channels, the optimal lateral placements for a row
with respect to the two channels it borders may be in conflict, which greatly adds to the
complexity of the situation. Even the two-channel case remains open, although a natural
conjecture would be that the problem is polynomial-time solvable for any fixed value of
M but NP-hard in general. If one adds a restriction on channel length, the problem (for M

arbitrary) becomes NP-hard even when there is at most one component per row, although
in the grid-based case there is a pseudopolynomial-time algorithm that solves the prob-
lem, taking time O(ML 3 ) where L is the sum of the lengths of the components [Heng88].
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Channel width, and its approximation through channel density, is not the only
parameter of a channel one might want to optimize through lateral shifting. Wire length,
related to circuit delay, is also often optimized. Her, Wang and Wong [HWW95] con-
sider finding lateral positions of components along a channel when the problem, as we
have presented it, is augmented with two sets of constraints: each component is con-
strained to lie in a given interval along the channel (a positional constraint ) and, for
each net, there is a constraint on the distance between the leftmost terminal and rightmost
terminal of the net (a net span constraint). The net span is used as an approximation of
the wire length that will be needed to interconnect a net. Her, Wang, and Wong present
an algorithm to determine the feasibility of a lateral shifting problem under these addi-
tional constraints. Their algorithm does not consider channel density. At this writing, we
know of no algorithm to minimize channel density when these added constraints are pre-
sent.
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