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Abstract. This paper reports on experiments with a new on-line heuris-
tic for one-dimensional bin packing whose average-case behavior is sur-
prisingly robust. We restrict attention to the class of “discrete” distri-
butions, i.e., ones in which the set of possible item sizes is finite (as is
commonly the case in practical applications), and in which all sizes and
probabilities are rational. It is known from [7] that for any such distribu-
tion the optimal expected waste grows either as ©(n), @(y/n), or O(1),
Our new Sum of Squares algorithm (SS) appears to have roughly the
same expected behavior in all three cases. This claim is experimentally
evaluated using a newly-discovered, linear-programming-based algorithm
that determines the optimal expected waste rate for any given discrete
distribution in pseudopolynomial time (the best one can hope for given
that the basic problem is NP-hard). Although SS appears to be essen-
tially optimal when the expected optimal waste rate is sublinear, it is less
impressive when the expected optimal waste rate is linear. The expected
ratio of the number of bins used by S5 to the optimal number appears to
go to 1 asymptotically in the first case, whereas there are distributions
for which it can be as high as 1.5 in the second. However, by modify-
ing the algorithm slightly, using a single parameter that is tunable to
the distribution in question (either by advanced knowledge or by on-line
learning), we appear to be able to make the ratio go to 1 in all cases.
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1 Introduction

In the classical one-dimensional bin packing problem, one is given a list L =
{a1,...,an} of items, with a size s(a;) € [0,1] for each item in the list. One
desires to pack the items into a minimum number of unit-capacity bins, i.e, a
partition of the items into a minimum number of subsets such that the sum of
the sizes of the items in each subset is one or less. This problem is NP-hard,
so much research has concentrated on designing and analyzing polynomial-time
approximation algorithms for it, i.e., algorithms that construct packings that
use relatively few bins, although not necessarily the smallest possible number.
Of special interest have been on-line algorithms, i.e., ones that must permanently
assign each item in turn to a bin without knowing anything about the sizes or
numbers of additional items, a requirement in many applications.

In this paper we concentrate on the average-case behavior of such algorithms.
The key metrics with which we are concerned can be defined using the following
notation. For a given algorithm A and list L, let A(L) be the number of bins
used when A packs L, let s(L) = > ., s(a), and let OPT(L) > s(L) be the
optimal number of bins. For a given probability distribution F' on item sizes, let
L, (F) be a random n-item list with item sizes chosen independently according
to distribution F'. Then the asymptotic expected performance ratio for A on F is

ER (F) = limsup <E [%D

and the expected waste rate for A on D is
EWZ(F) = E[A(Ln(F)) = s(Ln(F))]

Note that because of the low variance of s(L,(F')) for any fixed F', EW}(F) =
o(n) implies ERY (F) = 1 (although not necessarily vice versa). When the con-
text is clear, we will often omit the “(F)” in the above notation.

To date, the most broadly effective practical on-line bin packing algorithm
has been Best Fit (BF'), in which each item is placed in the fullest bin that
currently has room for it. Best Fit has been studied under a significant range of
distributions. The classical results concern the continuous uniform distributions
U10,b], where item sizes are uniformly distributed over the real interval [0, 8].
For b = 1 we have EW% = @(n'/?(logn)3/%) [13,10], and for b < 1 experiments
reported in [1,3] suggest that ER’, > 1, with a maximum value of approximately
1.014, attained for b ~ 0.79.

More recently, the behavior of BF has been studied in [3,5,8] for the dis-
crete uniform distributions U{j, k}, 1 < j < k, in which the allowed item sizes
are 1/k,2/k,...,j/k, all equally likely. For k > 3 and j = k — 1, BF’s behav-
ior for U{j, k} approximately mimics that for U[0, 1], and we have EW} =
O(n'/*(log k)3/*) [4]. Moreover, for j = k—2or j < \/2k + 2.25— 1.5, much bet-
ter performance occurs and we have EW7} = O(1) [3, 8]. However, there appears
to exist a constant ¢ such that ER’, > 1 for vk < j < k—3 and k sufficiently
large, with the behavior for U{j, k} roughly mimicking that for U[0, j/k].
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If running time is no object, algorithms with significantly better expected
behavior are possible. Rhee and Talagrand [11] have shown that for any fixed
distribution F', there is an algorithm X such that ERS_(F) = 1 and such that
if EWgpr(F) = o(n), then EWY (F) = O(n1/2(log n)3/4). Moreover, if one is
willing to repeatedly solve instances of an NP-hard partitioning problem as part
of the algorithm, this level of asymptotic performance can be attained without
knowing the distribution F' in advance, simply by obtaining better and better
estimates of it as one goes along, i.e., by learning F on-line [12].

If one restricts attention to discrete distributions, i.e., ones in which the
item sizes are all members of a fixed finite set of rational numbers and the
corresponding probabilities are all rational numbers as well, even stronger results
are possible. For discrete distributions F', the only possible values of EWSpp (F)
are @(n), \/n, and O(1), as shown in [7], and for any fixed discrete distribution F’
there is a linear time on-line algorithm Y that has EWy_(F) = O(EW§pp(F)).
As was the case with the algorithms X, the performance of the algorithms
YFr can also be obtained by a single distribution-free algorithm that learns the
distribution as it goes along and repeatedly solves NP-hard problems.

Neither of these generic approaches seems practical, and even the distribution-
specific algorithms X and Yg are far too complicated to use. They require the
(possibly repeated) construction of detailed and distribution-dependent models
of multi-bin packings, into the slots of which the incoming items must be sepa-
rately matched. In this paper we shall present a new and quite simple algorithm
Sum of Squares (SS) that we conjecture approximately attains the same level
of performance as the Yp for any discrete distribution F', without knowing or
attempting to learn F. (We say “approximately” because in some cases where
EW3pr = O(1), the new algorithm can be shown to yield EWZs = 2(logn).)
Moreover, although SS like the Yp’s can have ERYs(F) > 1 when EWipr =
O(n), for each such distribution F, there is a simple-to-construct and practical
variant SSp that we conjecture does yield ERG (F) = 1.

For simplicity in what follows, we shall assume that all discrete distributions
have been scaled up by an appropriate multiplier B to obtain an equivalent
distribution where all item sizes are integers (and for which the bin capacity
is B). For example, the scaled U{j, k} distributions have item sizes 1,2,...,j
and bin capacity k. This scaling leaves the values of KR unchanged and only
affects the constant of proportionality for FW7}. In Section 2, we describe SS
and 1ts original motivation, and present experimental results comparing it with
BF for the distributions U{j, k}, 1 < j < k = 100. It was these results that first
suggested to us SS’s surprising effectiveness.

For the U{j, k} distributions, the needed comparison values of ERYp; and
EWgpp are already known from theoretical results in [2,3]. For more general
classes of discrete distributions, determining these values can be NP-hard. How-
ever, as we show in Section 3, the determination can be made by solving a small
number of linear programs (LP’s) with O(B?) variables and O(B) constraints,
a process that is feasible for B as large as 1000. We use this LP-based approach
in Section 4, where we study a generalization of the U{j, k} to what we call the
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interval distributions U{h..j, k}, 1 < h < j < k, in which the bin capacity is k
and the item sizes, all equally likely, are the integers s, h < s < j. Using linear
programming, we first determine the values of ERZppr and EWJ pp for all such
distributions with & = 19 or & = 100. Then, based on simulations with 105, 108
and 107 items, we estimate the corresponding values for SS. For & = 19 we do
this for all relevant values of h and j; for £ = 100 we do this for a challenging
subset of the relevant values. In all cases tested our data is consistent with the
hypothesis that EWZs = O(max{logn, EWj2ps}), as claimed. The need for the
logn option is illustrated by tests of the interval distribution U/{2..3,9}, and we
describe the conditions under which EWZ4 can be proved to grow at least at
this rate even though EWjpr = O(1).

The apparent success of SS far outstrips our original motivation for propos-
ing it. In Section 5 we suggest an intuitive explanation for its behavior that
views the operation of SS as a self-organizing process. This explanation is illus-
trated using detailed measurements of the algorithm’s internal parameters under
various distributions.

As observed above, SS can have ERYs(F) > 1 when EWZ4(F) = O(n).
In Section 6, after first presenting a sequence of distributions for which the
limiting value of ERZ% is 1.5, we report on various modification of SS aimed
at reducing the value of ERYy when EWJ5p, = O(n). Most importantly, we
show how we can use the results of the LP computation that we performed to
determine the value of EWgpy (F) to devise simple variants SSp that appear
to have ERGg, = 1. This approach can in turn be incorporated into a sin-
gle polynomial-time “learning” algorithm that we conjecture has an asymptotic
expected performance ratio of 1 for all discrete distributions F'. Experimental
results for the distributions considered in Section 4 are presented that appear to
support this conjecture.

We conclude in Section 7 with a preview of the journal version of this pa-
per, which will contain additional experimental and theoretical results, most
importantly a proof by Jim Orlin of one our main conjectures.

2 The Sum of Squares Algorithm and U{j,k}

The sum of squares algorithm works as follows. Assume that our instance has
been scaled so that it consists of integer-size items with an integral bin capacity
B. Define N(g) to be the number of bins in the current packing with gap g,
1 < g < B, where a bin has gap g if the items contained in it have total size
B — g. Initially N(g) =0, 1 < g < B. To pack the next item a;, we place it in a
bin (either a currently empty one or a partially full bin with gap at least s(a;))
that will yield the minimum updated value of Zl<g<B N(g)?. If there is a tie,
we break it in favor of a candidate bin with the largest current total contents.
A naive motivation for this algorithm (and indeed, the one that led us to
propose it in the first place) starts with a fact about Best Fit. This algorithm
performs surprisingly well on symmetric discrete distributions, i.e., distributions
in which for all sizes s, items of size s and B — s occur with equal probability
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(e.g., see [3,4]). The reason for this is that typically when the next item to be
packed will fit in some partially-filled bin, there already exists such a bin whose
gap precisely equals the size of the new item. Hence most bins end up being
perfectly packed, i.e., having gap 0, and there is very little total waste. How
might one extend this behavior to non-symmetric distributions? One idea would
be to use items that don’t fit perfectly in some current gap to help build and
maintain an inventory of gaps so that future items will be likely to find a perfect
fit. In the absence of other information about the distribution, an initial goal for
such an inventory would be to aim for equal numbers of bins for each possible
gap. The sum of squares criterion would seem to do this, since given a set of
variables whose sum is fixed, their sum of squares is minimized when the values
are as close to equal as possible.

This argument does not apply precisely to bin packing, since it is the total
number of items in the packing that is fixed, not the total number of bins, but
the simplicity of the sum of squares criterion argues in its favor. An item of size
s must either (1) start a new bin, in which case the sum of squares increases by
2N (B —s)+1, (2) perfectly fill an old bin, in which case N(s) > 0 and the sum
of squares decreases by 2N (s) — 1, or (3) go into a bin with gap g, s < ¢ < B, in
which case the best choice is a ¢ which maximizes N(g) — N(g —s), and the sum
of squares decreases by 2(N(g) — N(g — s)) — 2. Thus no squares need actually
be computed. However, unless we find a way to improve on exhaustive search
for (3), we will have a worst-case time of @(min(n, B)) per item as opposed to
O(log(min(n, B))) for Best Fit. The question is whether this extra running time
might provide us better average performance, as hoped.

Let us first consider U{j, k} distributions. The behavior of EW{ pp for these
distributions has been characterized in [2,3]: EWj5ppr = O(1) for 1 < j < k-2
and EWj3pp = O(y/n) for j = k — 1. For each of the U{j, 100} distributions,
1 <j <99 and each n € {10°,10% 107,108} we computed the average of
SS(L) — s(L) and BF(L) — s(L) over a set of random n-item instances (100,
32, 10, and 3 instances respectively) to obtain estimates of EWgs and EW} .
Instances were generated using the “shift register” random number generator
described in [9, pages 171-172]. Previous experiments have shown that for bin
packing simulations, this choice is unlikely to introduce significant biases.

These were the first instances we tested after proposing SS, and the re-
sults are even better than we had hoped. Whereas Best Fit’s performance is
as suggested in Section 1, with EWJ;, apparently growing as @(n) for each j,
25 < j <97, EW(J4 appeared to be O(1) for all j, 1 < j < 98. This is the same
range for which EW&p, = O(1), and the results for j = 99 were consistent
with EWZs = O(y/n), again the same value as for EW( ;. Figure 1 depicts
the average waste for SS as a function of j on a log scale, with the averages for
each value of n connected in a curve. The log scale is necessary since although
EWZs(U{j,100}) does not appear to grow with n for j < 98, it does grow sub-
stantially with j. Note that the curves for each of the four values of n all more
or less coincide, except possibly for j very close to 100. The solid curve is for
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n = 108, and its higher variability is due to the fact that we tested only three
instances of this size.

Table 1 shows the specific averages obtained for j € {24, 25,60,97,98,99}.
The first two values of j were chosen as these represent the critical region for Best
Fit, where EW}% makes a transition from O(1) to @(n). The results for j = 60
are typical (except in precise values) of the broad range of j between 25 and 96.
The results for 97,98, 99 display a critical region for both algorithms, as EWZg
goes from O(1) to O(y/n) and EW}, goes from O(n) to O(1) to O(y/n). Our
experiments for these last three values of j were extended to include instances
with n = 10°, as the rate of convergence is much slower when j is close to k.
Although the variance is still sufficiently large for ;7 = 98 that we would need
substantially more samples if we wanted to get good estimates of the constant
to which the expected waste rates are converging, the fact that the ratios are
bounded is strongly suggested by the data.

Alg| n |Samples|y = 24| 25 60 97 98 99

SS[10°] 100 223 223 884 23,350 28,510 34,286
108 32 233 249 894 48,896| 70,453| 105,277
107 10 212 217 797 64,997(150,291| 343,958
108 3 267|213 779 82,378321,068|1,232,118
10°| 3 68,719|184,328|3,512,397

BE[10°] 100 78] 167]  16,088]  22,669| 24,736] 25,532
106 32 76| 831| 154,460|  59,015| 77,831| 88,258
107 10 102| 7,737| 1,536,747| 213,447|185,870| 277,278
108 3 67(75,546(15,340,879| 1,800,011|254,235|1,081,251
10°| 3 17,607,786|187,061|2,757,530

Table 1. Measured waste rates for SS and BF under distributions U{7, 100}.

As suggested by Figure 1 and Table 1, for fixed n the average waste for SS
increases monotonically and fairly smoothly with j, but follows a more adven-
turesome path for BF. More details on the behavior of BF are reported in [3].
For now it is interesting to note on behalf of Best Fit that although the av-
erage waste for BF is enormously larger that that for SS when 25 < 7 < 97
and EWgp appears to grow linearly, the situation is different when EWg is
sublinear, as it is for 1 < j < 24 and for j € {98,99}. In these cases its value
for fixed n is typically significantly lower than that for EWg, even though the
latter has the same growth rate to within a constant factor.

Similar positive results for SS were obtained for U{j, k} distributions with
other values of k, leading us to conjecture that EW3s = O(EW§py) for all such
distributions. Could something like this conjecture extend to even wider ranges
of discrete distributions? A fundamental stumbling block to investigating this
question lies in the fact that, in general, determining EWJ pp (F) given F' is an
NP-hard problem. The U{j, k} distributions are to date the most complicated
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special cases for which the answers have been obtained analytically. Fortunately,
there 1s a way around this obstacle, at least for moderate values of B.

3 How to Determine EWgPT

In order to test the conjecture made in the previous section, we need a way of
determining EWJpp (F), given a discrete distribution F. It turns out that the
slightly simpler question of whether EWgpr (F) = o(n) can be formulated as
a surprisingly simple linear program related to standard network flow models.
Suppose our discrete distribution consists of item sizes s;, 1 < ¢ < J, with the
probability that s; occurs being p;, and let B be the bin size. OQur program will
have J(B+1) variables v(i,g), 1 <i < J and 0 < g < B, where v(i, g) represents
the rate at which items of size s; go into bins with gap g. The constraints are:

v(i,g) = 0, $i> g
B
> _vli.g) =i, 1<i<J
g=1
J J
Ev ngg—}—s] ),1<g9g<B-1
i=1 j=1

where the value of v(j,g + s;) when g + s; > B is taken to be 0 by definition
for all j. The first set of constraints says that no item can go into a gap that is
smaller than 1t. The second set says that all items must be packed. The third
says that bins with a given gap are created at least as fast as they disappear.
The goal is to minimize

B-1 J J
9 PR DSUTFERAED Sty
g=1 7j=1 i=1

that is, the rate at which waste space is created.

Let ¢(F') be the optimal solution value for the above LP, and let s(F) =
Z;']ﬂ s;p; be the average item size under F. Then it can be shown based on
results in [7] that ERYpy = ¢(F)/s(F) and if ¢(F) = 0, then EWJ pr is either
O(vi) or O(1).

Moreover, in the latter case, the determination of which growth rate applies
can be made by solving J additional LP’s, one for each item size: In the LP
for item size s;, we add an additional variable z > 0, replace the constraint
25:1 v(i,9) = p; by 25:1 v(i,9) = p; +, add a constraint setting the original
objective function to 0, and attempt to maximize z. If the optimal value for z
is 0 in any of these LP’s, then EWJ,; = @(y/n), otherwise it is O(1), again by
results in [7].

Using the software packages AMPL and CPLEX, we have created an easy-to-use
system for generating, solving, and analyzing the solutions of these LP’s, given
B and a listing of the s;’s and p;’s, or given the parameters h, j, k of an interval
distribution. In the next section we describe our results for such distributions.
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4 Experiments with General Interval Distributions

In Section 2 we raised the question of whether our conjecture that EWgs =
O(EW{ pr) holds for all distributions U{j, k} might extend to broader classes
of distributions. A natural class to consider is that of the interval distributions
U{h..j, k}, as defined in Section 1.

Before summarizing our experiments with such distributions, however, we
must first make admit that they caused us to make a slight modification to our
conjecture. It turns out that there are interval distributions with EW3 pp = O(1)
for which EWZ¢ appears unavoidably to be £2(log(n)). Consider for example
U{2..3,9}, a simple distribution with EWj2p; = O(1). Note that for M >>
limsup,,_, ., EW5pr, a sequence of M items of size 2 is likely to create @(M)
bins with gap 1 under SS. But gaps of size 1 can never be filled, because there
are no items of size 1. Sequences of M consecutive items of size 2 will be rare for
large M, but instances with 2 items can be expected to contain at least one
such sequence. This implies that the expected waste will be £2(logn), although
the constant of proportionality may be quite small. As an empirical verification,
consider Table 2, which summarizes results for runs of SS for instances based
on U{2..3,9} with n ranging from 10* to 10'°. Note that the average waste does
appear to grow roughly as ©(logn).

n|| 10* | 10° | 10° 107 | 108 10° | 10%°

# Samples||10000| 3162 | 1000 316 100 32 10
Average Waste|| 7.6 | 86 | 10.1 | 10.8 | 12.1 | 12.6 | 14.5
95% Conf. Int.|| 0.1 | £0.1 | +0.2 | 0.4 | £0.8 | £1.0 | £1.9

Table 2. Measured average waste for SS under distributions U{2..3;9}.

We shall thus revise our conjecture about SS and split it into two parts:

Conjecture 1 EWZ2p(F) = O(y/n) implies EW§(F) = O(+/n).
Conjecture 2 EWJpr (F) = O(1) implies EWZ¢(F) = O(log(n)).

To test these conjectures, we investigated interval distributions U{h..j, k}
for two specific values of k, namely k& = 19 and & = 100. For k£ = 19, we tested
all pairs h < j < k with h < 9 using the techniques of the previous section to
determine FRZpp and EWJpp and then testing SS and BF on collections of
randomly generated instances for the given distribution with n € {10%,10%,107}.
Pairs h,j with h > 10 were omitted since for these distributions BF, SS, and
OPT all simply place one item per bin and unavoidably have a @(n) expected
waste growth. The results are summarized in Table 3.

The “expected” waste rates for OPT in Table 3 are theorems, as determined
using the LP’s of Section 3, whereas those for SS and BF' are for the most part
conjectures with which our data is consistent. (We do have proofs for some of the
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g Alg||lh = 1| 2 3 4 56789
18|OPT|| /7 | n n n |n|n|n|n|n
SS|| vVn | n n n |n|n|n|n|n
BF|| Vn | n n n |n|n|in|n|n
1710PT|| 1 |vn | n n |n|n|n|n|n
SS|l 1 |Vn| n n |n|n|n|n|n
BF| 1 |v/n| n n |n|n|n|n|n
16|OPT|| 1 n |va| n |n|n|n|in|n
SSi| 1 n |va| n |n|n|n|in|n
BF n n |vn| n n|ln|n|n|n
15|OPT|| 1 1 n |vVa|ln|n|n|n|n
SS|| 1 |logn| n |[VAn|n|n|n|n|n
BF| n n n |va|ln|n|n|n|n
14|OPT|| 1 1 |vVon|l n (ajn|n|n|n
SS|| 1 |logn|vn| n |VAln|n|n|n
BF| n n n n |[Va|n|n|n|n
13|OPT|| 1 1 1 n |n|Vnln|n|n
SS|| 1 |lognllogn| n |n |[v/nln|n|n
BF| n n n n |n|Vnln|n|n
12|0PT|| 1 1 1 n |n|n[yValn|n
SS|| 1 |lognllogn| n |n|n |Vn|ln|n
BF|| n n n n |n|n[Valn|n
11|OPT|| 1 1 1 1 |n|in|n|Vn|n
SS|| 1 |logn|logn|logn| n [ n | n || n
BF n n n n n|n|n|Vnl n
10|OPT|| 1 1 1 1 |nfin|n|n|V/n
SS 1 |logn|lognllogn|n |n | n |n |Vn
BF| 1 n n n |n|n|n|ln|V/n
9 |OPT 1 1 1 n |n|n|n|n|n
SS 1 |lognllogn| n |n|n|n|n|n
BF 1 n n n |n|n|n|n|n
8 |OPT 1 1 1 1 nlin|n|n
SS 1 |logn|lognflogn|n [n | n |n
BF 1 n n n |n|n|n|n
7|0PT 1 1 1 1 n|n|n
SS 1 |lognl|lognflogn|n [ n | n
BF 1 n n n |n|n|n
6 |OPT 1 1 1 n |n|n
SS 1 |lognllogn| n | n |n
BF 1 n n n |n|n
5 |OPT 1 1 1 n | n
SS 1 |lognjlogn| n |n
BF 1 n n n | n
4 |OPT 1 1 1 n
SS 1 |logn|logn| n
BF 1 n n n
3 |OPT 1 1 n
SS 1 |logn| n
BF 1 n n
2 |OPT 1 n
§S 1 n
BF 1 n

Table 3. Orders of magnitude of the measured waste rates under distributions

U{h..5,19}.
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h = 1 entries for BF, in particular those for j € {2,3,4,17,18} [3,8].) Overall
the data is consistent with Conjectures 1 and 2. The values of n tested were not
sufficiently large for our measurements to make a convincing case for the logn
growth rates reported for SS in the table; in many cases one might just as well
have conjectured EWZs = O(1). However, in each of these cases the same sort
of argument as was used above for U{2..3,9} applies.

Let us now consider the distributions U{h..j,100}. Figure 2 graphically rep-
resents the values for EWj5pp for such distributions, where an entry of “—”
represents O(1), an entry of “4” represents ©(y/n), and an entry of “” repre-
sents @(n). Note that this picture appears to be a refinement of the structure
apparent in Table 2. Moreover, if one ignores the distinction between —’s and
+’s, 1t is a fairly accurate discretization of the results for the continuous uni-
form distributions Ula,b], 0 < a < b < 1, depicted in Figure 5.2 of [6], which
partitions the unit square into regions depending on whether ERZp, (Ula, b]) is
equal to or greater than 1.

There are far too many U{h..j, 100} distributions for us to test SS and
BF on them all. We therefore settled for testing isolated examples plus what
looks like a challenging slice through Figure 2 — the distributions with A = 18.
This is a particularly interesting value for h because of the large number of
transitions that EW{py makes as j goes from h up to & — 1. In all cases, our
experimental results were consistent with Conjectures 1 and 2. There is not room
here to present the results in detail, but a high-level view of the performance
of SS, BF and OPT is presented in Figure 3. This figure graphs the average
values BF(L)/s(L) and SS(L)/s(L) over three instances with n = 10® for each
distribution U{18..7,100}, 18 < j < 99, and compares these to the value of
limy, 00 FJOPT(Ly)/s(Ly)], as determined by the LP’s of Section 3. The figure
gives a good indication of those j that produce linear waste for each algorithm,
i.e., those yielding average values of A(L)/s(L) greater than 1. (For this statistic,
the variance between instances is insignificant, so that three instances suffice to
give good estimates.) Note that SS has linear waste in precisely those cases where
the optimal packing does, although typically the average value is significantly
greater. BF has linear waste for all values of j except 82 (the one value that
yields a symmetric distribution).

5 SS as a Self-Organizing Algorithm

Why does SS do so well? Clearly the idea that SS is simply making sure bins
are available into which new items will fit exactly does not suffice as an expla-
nation for performance as good as that we have observed. For example, under
U{25,100} there are no items available that will fit exactly into gaps of size
exceeding 25, even though the algorithm will tend to produce bins with those
gaps if none exist. A possibly better explanation is the following. Because of
the sum of squares criterion, the continuing creation of bins with a given gap
will be inhibited unless there is some way for bins with that gap to continually
disappear. One way for a bin to disappear is for it to have its gap exactly filled;
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it then no longer contributes to any of the N(g)’s. Another way for a bin to
disappear is for it to have its gap reduced to one that already disappears for
another reason, for instance if the next two items it receives will together fill its
gap exactly, or the next three, etc. Thus the algorithm will be driven to favor the
creation of precisely those gaps that can (eventually) lead to perfectly packed
bins, and the sum of squares criterion is possibly providing a subtle feedback
mechanism to maintain the production of the various gaps at the appropriate
rates. In other words, it can be thought of as organizing itself for a maximum
rate of production of perfectly packed bins.

A likely way to see this organization in action would be to look at the average
gap counts N(g) for 1 < g < B—1 asa function of n. Figures 4 through 7 display
such gap count profiles for n € {100, 200, 800, 50K, 100K, 200K, 400K, 800K } for
four different interval distributions. Here, averages are taken over 1,000 separate
instances. In each figure, the solid line represents the profile for n = 800K. The
variety in patterns confirms that SS is indeed organizing itself differently for dif-
ferent distributions, although only the profiles for I/ {18..27, 100} (Figure 4) seem
to correlate naturally with the above explanation. Indeed, for U{1..19,100} =
U{19,100}, all the average counts are 1 or less, so any inhibiting effects of the
counts must be fairly subtle. Further study is clearly needed.

6 Improving on the Performance of SS when
EW?2,.. = @(n)
Extrapolating from the results reported in Sections 2 and 4, one might propose
that Conjectures 1 and 2 of Section 4 both hold for all discrete distributions.
However, although this would imply that FRYs = 1 whenever EWJpp = o(n),
it still allows the possibility that FRYs > 1 when EWjpy = ©(n). We have
already remarked that this appears to be the case for several of the U{18..5,100}
distributions, as illustrated by Figure 3. A simple distribution for which ERZ
provably exceeds 1 is F = U{2..2,5}, i.e., the distribution in which all items
have size 2 and B = 5. Here an optimal packing places two items in each bin for
a total of [n/2] bins, whereas SS will create a bin with a single item in it for
every two bins that contain two, yielding FRZy = 1.2.
For any bin packing algorithm A, let us define

max ERY =sup{ERY (F) : F is a discrete distribution}

Generalizing the above example to the sequence of distributions U{2..2, 2m+1},
m — 0o, we have max ER% > 1.5.

It is thus natural to search for variants on SS that retain its good behavior
when EWJpr = o(n), while yielding smaller values of max ERY . One idea is to
add an additional “bin closing” rule to SS. By closing a bin we mean declaring
it off limits for further items and removing it from the N(g) counts. In SS, the
closing rule is simply to close a bin with gap 0, i.e., one that is completely full, as
soon as it is created. When EWJ3p = ©(n), even the optimal packing ends up
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with @(n) incompletely-packed bins, so it might make sense for our algorithm
to close some such incompletely-packed bins as well.

We have investigated several variants of SS based on ad hoc closing rules that
seem to outperform the basic algorithm. However, by far the best results we have
obtained via this approach use closing rules that are tailored to the distribution
at hand. It appears that for each discrete distribution F there is a variant SS1 p,
based on a distribution-dependent closing rule, such that FRSy, (F) =1.

The closing rule in question is derived from the optimal solution to the LP
for F' presented in Section 3, Let v*(é,g) be the value of the variable v(7, g) in
this solution, 1 < ¢ < jand 0 < g < B. For 0 < g < B, define

ry = Zv(j,g +s5) — Zv(iag)

i=1

Note that the r, are non-negative due to the constraints of the LP, and they
can be interpreted as the rate at which bins with final gap ¢ are produced in
an optimal packing. Our closing rule is the following: When a bin with gap ¢ is
created, check to see if the current number of closed bins with gap g is less than
nrg, where n is the number of items in the current packing. If so, close the bin.

Figure 8 depicts the measured average values of SS1p(L)/s(L) for the dis-
tributions U{18..5,100} and n € {10°, 105 107,108}, with the standard num-
bers of instances for each n. The average values of A(L)/s(L) for each n are
linked by a dashed line. As in Figure 3, the solid line connects the values of
limy, 00 E[OPT(Ly)/s(Ly)]. Note that for each value of j, the average values of
SS1r(L)/s(L) do seem to be converging to the expected ratio for OPT.

Interestingly, if we assume that Conjecture 1 holds for all discrete distribu-
tions, there is for each F a (less efficient) variant SS2p on SS1p that provably
will have ER%y, (F) = 1. Suppose F is as above, and let R = 25:_1 g - rg, the
rate at which a unit quantity of waste is produced in an optimal packing. The
key idea behind SS2p is to imagine what would happen if (additional) unit-size
items arrived at the same rate. It is not difficult to see that, after normalizing
so that the sum of the probabilities again equals 1 (i.e., dividing by 1 + R),
one would have a new probability distribution F’ for which the solution value
¢(F") for the LP of Section 3 equals 0. Hence EWSpr (F') = O(\/n). Thus, by
Conjecture 1, SS will also have O(y/n) expected waste for F’. However, note
that we can simulate the SS packing of an instance generated according to F’
by simply taking a list generated according to F' and randomly introducing ad-
ditional imaginary items of size 1 at rate R. The space taken up by these items
represents wasted space in the actual packing, but we already knew such waste
was unavoidable. The total expected waste is thus EWJ3pp + O(y/n), and so
ER%y,, (F) =1, as claimed.

Typically SS2F can be significantly slower than SSI g, since it actually has
to pack the imaginary items, and even though standard priority queue data
structures can be used to reduce the time for packing them, there may well be
a large number of them, especially when B is large. Moreover, the additional
running time (and the theoretical guarantee, assuming Conjecture 1) does not
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seem to be justified by the results. We tested SS2p on the same test bed of
U{18..7,100} instances as we did for 5SS, and the resulting chart of average
values of A(L)/s(L) looked essentially identical to Figure 8.

What the 552 approach does have going for it is simplicity, and its potential
as the basis for a learning algorithm in which one starts with no knowledge of
F, but instead learns about it as one goes along. This is the type of approach
proposed by [12] in a purely theoretical context. Here however it is quite prac-
tical, especially in the context of SS2, which only has one distribution-specific
parameter to adjust, the rate »(F) at which imaginary 1’s are introduced. In
our implementation, which we shall call SS*, we pause to estimate the distri-
bution at ever-increasing intervals, the ith stoppage occurring immediately after
10B * (2¢ — 1) real items have arrived. During the pause, an estimate F; of the
distribution is derived based on the counts of items of each size received to date
and the LP of Section 3 is solved for F;. The resulting rate r(F;) is then used
until the next stoppage. (Note that by starting with » = 0 and waiting for 10B
items to have arrived before our first adjustment, we guarantee that the algo-
rithm runs in polynomial time.) In tests, SS* worked essentially as well as the
distribution-specific algorithms SS7p and SS2p on the U{18..7,100} distribu-
tions, again yielding essentially the same chart as Figure 8.

In practice, SST is much slower than the algorithms that are given F in
advance, because of the need to repeatedly construct and solve linear programs.
It also requires access to an LP solver. Fortunately, the fact that SS2 has only
one distribution-specific parameter suggests an alternative approach: instead of
learning F', why not simply learn »(F)? If Conjecture 2 is true for all discrete
distributions, we should get good feedback on our estimates of r: If our current
r is too small, then waste should clearly grow linearly, whereas if our current
r is too big, Conjecture 2 in conjunction with results of [7] says that waste
should grow only as O(log(n)). If one waits for enough items to arrive and be
packed, one should be able to distinguish between these two cases, and with some
complicated algorithm engineering we have managed to implement this approach
with some degree of success. The resulting algorithm SSA is too complicated to
present in detail here, but Figure 9 summarizes the results for it on the same
test bed covered for SSI7p in Figure 8. Although the results are not quite as
good as those for SST, they do again appear to be converging to the optimal
expected waste.

7 Directions of Ongoing Research

Although the experiments reported in this paper have all been for selected inter-
val distributions U{h..j, k}, we have in fact tested SS on a variety of distributions
proposed to us, including various Zipf distributions and randomly-generated dis-
crete distributions, as we shall describe more fully in the journal version of this
paper. So far, we have been unable to find counterexamples to either of our two
conjectures. In the case of Conjecture 1, this is not surprising, since Jim Orlin,
after hearing a talk covering the results and open problems of this paper, has
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proved Conjecture 1. The journal version of this paper will add Jim as a co-
author and include this result. It will also include a detailed proof that the LP’s
of Section 3 have the properties we claimed for them, as well as more detailed
coverage of some of the other theoretical issues we have raised, such as bounds
on max I RZ and an investigation of the worst-case behavior of SS for arbitrary
lists.

Another interesting question is how sacrosanct is the exponent of 2 in the
definition of SS?7 What if we tried instead to minimize the sum of cubes, or
the sum of 1.5 powers? Preliminary experiments suggest that these variants also
satisfy Conjectures 1 and 2, although we should point out that Orlin’s proof
applies only when the exponent is precisely 2.
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Fig.1. Average values of SS(L) — s(L) for distributions U{y,100}, 1 < j < 98 and
n € {10°,10°%,107, 10%}.
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Fig.2. EW35pr(U{hk..5,100}): “=” means O(1), “4+” means ©(y/n), and “” means
O(n).
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Average values of A(L)/s(L) for distributions U{18..5, 100}, 18 < j < 99.
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Fig. 4. Gap profiles for U{18..27,100}. Fig. 6. Gap profiles for U{1..85, 100}.
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Fig. 5. Gap profiles for U{18..51, 100}. Fig.7. Gap profiles for U{1..19, 100}.
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Fig.8. Average values of A(L)/s(L) for 5SS1r when F = U{18..5,100}, 18 < j < 99
and n € {10°,10%,107, 10%}
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Fig.9. Average values of A(L)/s(L) for SSA when F = U{18..5,100}, 18 < 5 < 99
and n € {10°,10%,107, 10%}




