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Abstract

In this paper, the first of a series dealing with low-dimensional lattices and their
applications, we classify positive-definite integral quadratic forms of determinant d < 25
in dimensions up to a limit which ranges from 18 (for d = 1) to 7 (for d = 25). [New
version Nov. 5, 2000. A different version of this paper appeared in Proc. Royal. Soc.

London, Series A, Vol. 418 (1988), pp. 17—41.]

1. Introduction

This paper is the first in a series dealing with low-dimensiona lattices and their
applications. Here the application is to number theory: we classify all positive-definite
integral quadratic forms of sufficiently small determinant and dimension. In later papers
we intend to discuss maximal subgroups of GL(n, Z) (in Partll), perfect forms (in

Part 111), the mass formulae (in Part 1V), and possibly other topics.

One motivation for writing this series of papersis to present a systematic notation for

these lattices. The need for thisisillustrated by the fact that the symbols



Vs (Korkine & Zolotareff, 1877),

@1 infivedimensions (Voronoi, 1907),

Bs or D5 (Coxeter, 1951), (Barnes, 1959),

F, infive dimensions (Plesken & Pohst, 1977),

N\ 5 (Conway & Sloane, 1982a),

PZ (Conway & Sloane, 1988b)
all name the same lattice. Of course some multiplicity of names is both appropriate and
inevitable — this lattice is indeed the five-dimensional laminated lattice A 5 and is also
the absolutely extreme five-dimensional lattice PE. However, we fedl that this lattice is

usually best regarded as the root lattice D 5.

Thus one of our main goals is to simplify and systematize the work of others, rather

than to present new material. Nevertheless we do include a number of new results.

In Part I, the present paper, the underlying ideas are largely due to Witt (1941) and
Kneser (1957). We apply them to produce a table of quadratic forms that goes

considerably further than any previous table.

In Part 11 we follow the work of Dade, Plesken & Pohst (1977), and others, who
classified the maximal subgroups of GL(n, Z) for various values of n. Plesken and Pohst
describe their groups as automorphism groups of lattices specified merely by Gram
matrices. We shall describe these lattices in a more invariant way, which makes the

groups more visible.

In Part 11l we perform a similar service for the perfect lattices in up to seven
dimensions found by Barnes, Scott, Larmouth, Stacey and others. We also provide a

simple proof for the classification of perfect latticesin up to four dimensions.



Topics which may be discussed in later parts include the Minkowski-Siegel mass
formulae, G. L. Watson's one-class genera of quadratic forms, and the completion of the

enumeration of septenary perfect lattices.

In the present paper, the main table (Table 1) classifies all indecomposable positive-
definite integral quadratic forms of given determinant d < 23, in al dimensions below
the critical dimension — the dimension in which indecomposable congeners first appear,
i.e. inequivalent forms belonging to the same genus. Since in preparing this table we also
classified the forms in the critical dimension, we describe such forms briefly in a
supplementary table (Table2). The reader will find that these tables, together with the
examples given in 884-6, actually classify all indecomposable forms of determinant at

most 25 and dimension at most 7. Table O provides an overall summary.

Ultimately, of course, the number of distinct lattices of a given determinant is super-
exponential in the dimension. We were therefore surprised to see how far the
classification can be carried. For example it can be seen from Table 1 that there are just
two indecomposable seven-dimensional forms of determinant 11, of shapes Eg 33, and
Ag 771. Since these belong to different genera (1-(11%) and 1,(117)), they can be

simply called 117 and 117.

We have been unable to find any prior tables of comparable extent. Kneser (1957)
enumerated lattices with determinants d = 1, 2, 3 for dimensions n < 17 - d.
Unimodular (d = 1) lattices have since been classified for dimensions n < 25 in
(Niemeier, 1973), (Conway & Sloane, 1982, 1982b), and (Borcherds, 1984, 1988), and

latticeswithd = 2, 3forn < 20 — din (Conway & Sloane, 1988, Chap. 15).



Sections 4-6 describe the enumeration techniques we used. Our basic strategy is to
reduce the problem of enumerating the lattices of a given determinant d > 1 to a lower
determinant, and thus ultimately to the case d = 1, where we can make use of the tables
in (Conway & Sloane, 1988). We have used two methods, called ** complementation’’
(illustrated in 84 by the enumeration of lattices with determinant d = 23) and
“*supplementation’’ (illustrated in 85 by the enumeration for d = 24). The techniques
are further illustrated in 86 where both methods are needed to enumerate the lattices with
d = 25. Standard classification methods using reduced forms would be totaly

impracticable in these dimensions.

Our techniques also make considerable use of properties of the root lattices A, Dy,
Eg, E7, Eg (such as the structure of EE/ ZEE, the transitivity of Eg on sublattices of type
A, etc). Section 2 contains a brief description of root lattices and gluing theory, and the
genus of alattice or of the associated quadratic form is discussed in 83. The tables will
be found in 87, and the Appendix describes the glue vectors and related properties of the

root |attices.
The results have all been checked by use of the mass formulae (see Part V).
Notation

In real Euclidean space R" equipped with inner product (v, w) = v - w, a (positive-
definite) lattice L consists of al integral linear combinations
V=2_1vy + - + {pVy (¢; 02)

of n linearly independent vectors v, ,..., v,. The vectors vq ,..., v, form an integral

basefor L, and



f(Q) = (v,v) = TAT"

with

(= @1, ln) D27,

A= (aj), aj =iV,
is the corresponding quadratic form. We shall normally speak of lattices rather than
quadratic forms, although it is to be understood that the same terminology applies to both
concepts. The number N(v) = (v, v) iscaled the norm of v, and the minimal value u of
(v,v)forv OL,v#D0,isthemnimal normof L. Also A isa Gram matrix for L, and

d = det Aisthe determinant of thislattice.
The dual lattice L Yis defined by
LY={uDOR":(u,v) OZforalvOL}.

If LOLY L is caled integral. In the present paper ‘‘lattice’’ will aways mean

‘*positive-definite integral lattice’’.

Two lattices L and M are integrally equivalent, written L El M, if one can be obtained
from the other by a rotation and (possibly) areflection. The subscript on the name for a
lattice gives its dimension. For other undefined terms and further background

information see (Cassels, 1978) or (Conway & Sloane, 1988).

2. Root lattices and gluing theory

The strength of the Witt-Kneser method (see (Witt, 1941), (Kneser, 1957)) arises
from the fact that a lattice of sufficiently small determinant and dimension will contain a

large sublattice generated by vectors of normsl and 2, and such sublattices are



completely classified.

In particular, Witt's theorem states that, in any integral lattice L, the sublattice
generated by vectors of norms 1 and 2 is a direct sum of a lattice I ,, (m = 0) and root
lattices taken from the list A, (n = 1), D, (n = 4), Eg, E; and Eg. (We cdl this

sublattice the Witt part of L — see the end of this section.)

These lattices are defined as follows. 1, (n = 0) is the ordinary integer lattice
consisting of all points (X1 ,..., X,), Xj O Z, in Euclidean space R" equipped with the
standard quadratic formx + - -+ + x3 . Thedeterminantof I ,isd = 1. A, (n = 1)is
the sublattice of I, +, satisfying

X1++Xn+1:07
and hasdeterminantd = n + 1. D, (n = 4) isthe sublattice of |, satisfying
Xqp + -+ X, even,
and has determinant d = 4. Eg is the lattice generated by Dg and the vector
(]fz, Yo, Y2, Y2, Y2, Y2, Y2, ]fz). We may define E7 to be the subl attice of Eg %tlsfylng
X1+"'+X8:0,
and E ¢ to be the sublattice of Eg satisfying
X1+X8:X2+"'+X7:O.

Eg, E7, Eg havedeterminantsd = 1, 2, 3 respectively.

To describe the structure of a lattice that contains a direct sum of 1,’s, A;’S, Dg'S

and E{’s as a sublattice we use gluing theory. Gluing theory is a way to describe the

genera n-dimensional integral lattice L that has a sublattice which isadirect sum



L, 0L, O --- 0Ly

of given integral latticesL, ,..., Ly of tota dimension n. The typical vector of L can

be written

y=y1s tyx2+ - +yg, «y
where each component y; is in the subspace spanned by L;, although not necessarily in

L; itself. What are the possibilitiesfory, ,..., yg?

The inner product of y; with any vector of L; is an integer, since it is the same as the
inner product of y with that vector. This shows that y; must be a member of the dua

lattice Lj .

Plainly any y; can be altered by adding a vector of L, so we may suppose that y; is
one of a standard system of representatives for the cosets of L; in L;. These
representatives are called the glue vectors for L. It isusua to choose the glue vectors to
be of minimal norm in their cosets. The quotient group L; /L; is called the dual quotient,

or gluegroup for L;. Itsorder isequal to the determinant of L ;.

So each possible lattice L is generated by L, [0 --- [0 Ly together with certain
vectors of the form (1) satisfying (a) each y; is a glue vector for L;, (b) the various
vectors (1) have integral inner products with each other and (c) are closed under addition
modulo L, O --- 0O Ly. We describe such a lattice L informally by saying that the
components L ,..., Ly have been glued together by the glue vectors (1). It may
happen that there is a glue vector (1) in which only oney; is nonzero, when we say that

the component L; has self-glue, and that y is a self-glue vector.



There is a standard choice of glue vectors [0], [1] ,..., [d — 1] for each root
lattice of determinant d, and we use[a; --- ay] as an abbreviation for the glue vector
(1) in whichy, = [a] for Ly, yo = [a,] for L,, ... . The glue vectors and related

properties of the root lattices are given in the Appendix.

In our applications of gluing theory it will usually be obvious that all automorphisms
of L will permute the latticesL, ,..., Ly (often because L, 0 --- O Ly will be the
part of L generated by vectors of norms 1 and 2). In these circumstances thereisasimple

description of the automorphism group G(L) of L.

The group of all permutations of the L; that arise from automorphisms in G(L) we
shall call G, (L). Itisisomorphic to the quotient group G(L)/Gg;, where Gg; consists

of just those automorphisms that give the trivial permutation.

Let Go (L) be the normal subgroup of Gg; consisting of those automorphisms which,
for every i, send each glue vector y; into a vector in the same coset y; + L, i.e. which
fix the glue vectors modulo the components. Then Gg;/Gg(L) is isomorphic to a
permutation group acting on the glue vectors of each component: we call this
permutation group Gq(L). Thus the full group G(L) is compounded of the groups

Gg(L),G1(L), G, (L), and has order

g(L) = go(L)g1(L)g2(L) , )
where g; (L) is the order of G;(L). Also Gg(L) is the direct product of the groups
Go(Lj). Butin general G4 (L) is only a subgroup of the direct product of the G, (L;)

and therefore must be computed directly for each L.



If L is any integral lattice then we call the sublattice K generated by vectors of
norms 1 and 2 the Witt part of L. If the Witt part isadirect sum
X, OYp OZc 0O

then we shall say that L has (Kneser) shape
XaYpZe - My,

wherek = n—-a-b - c - - and My (the remainder lattice) is the sublattice of L
orthogonal to the Witt part. If X4 O --- O My hasindex r in L we shall often describe L

by the symbol

(XaYpZe - Mk)+Ir , (©))
and will omit r when its precise value does not concern us. This notation generalizes that

of Coxeter (1951), except that we have added the plus sign for definiteness. Thus

Coxeter’s A, Dj,,... areour A", Dy" ...

By definition M has minimal norm at least 3, and in the present paper its dimension
isat most 3. We have adopted the following abbreviations for describing such lattices.

A one-, two- or three-dimensiona lattice is named by its Gram matrix, using the

conventions
a; for (a), with generator u,
b A bO :
(a”c)» for b o0l with generators u, v, 4
(A b hO .
(a’cfg");  for [ c fO  withgeneratorsu, v, w.
Ch f gO

Glue vectors for these lattices are written as fractional linear combinations of their
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generator vectors. Thus
[a By -] denotes au + Bv + yw + -, (5)

Whenever possible we decompose the remainder lattice M as a direct sum. When
the exact shape of M|, does not concern us, we use the convention that O, denotes any
k-dimensional lattice with minimal norm at least 3. Also O3 denotes the direct sum of

two isomorphic lattices O , and O O, the direct sum of two nonisomorphic lattices.

One further convention is sometimes used when describing glue vectors. Parentheses

in aglue vector indicate that all cyclic shifts of the parenthesized portion are included.
The following examples will illustrate the notation.

(i) The lattice 214 = A1371 [4 ¥7] is a 14-dimensional lattice of determinant 2 that
contains a sublattice A;3 O <u>, where (u, u) = 7, and the glue is generated by
x Oy, where x is the glue vector [4] = ((%/)1°, (- 5)*) for Ayz, andy = % u. The

Witt part of thislatticeis A3, and its (Kneser) shapeisA1371, or simply A1304.
(it) The four-dimensional lattice of determinant 21

21, = A7(10%10), [10% 0, 010 %]

contains asublattice A; 0 A; O M5, whereM, = <u, v>and u, v have Gram matrix

70 45
o 109’

and theglueisgenerated by x 0 0 0 > uand 0 0 y O ¥ v, where x is the glue vector

[1] for thefirst A; andy = [1] for the second A;.
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(iii) The lattice 1} = D3[(12)] is the 16-dimensional unimodular lattice with Witt
part D = Dg 00 Dg. Generating glue vectors are [1] 0 [2] and [2] O [1]. The other

nonzero glue vector istheir sum, [3] O [3].

Finally we mention that, although D, was so far defined only for n > 4, it is often

convenient to extend the definitionton = 1, wherewe find

D, 24,, D, HA, 0A;, D3HA;. (6)

3. Thegenus

It is dightly easier, and more traditional, to discuss the genus using the language of
quadratic forms rather than lattices. We follow the treatment in (Conway & Sloane,
1988, Chap. 15). Two integral quadratic forms are said to be in the same genus if they
have the same signature and are equivaent over the p-adic integers for al primes p. We
shall cal integrally inequivalent forms (or lattices) f, g in the same genus congeners, and

writef O g.

Any integral quadratic form f can be decomposed over the p-adic integers as a direct
sum of terms gf;, where each q is a power of p and each f; has determinant prime to p.

Our genus symbol for an n-dimensional form f has the shape

In(-e) or Hp(e-) (7)
where the Roman numera is the Type of f (I if the 2-adic summand f; has an odd
diagonal entry, otherwise Il) and the parentheses in (7) contain factors indicating the
nontrivial Jordan summands for al p. For odd p a factor q"* indicates a summand afq

with the Legendre symbol



-12 -

Odet fq U
0 9p0=+1
o P O

For p = 2 afactor q"* indicates a summand af for which f has Type Il (i.e. the

diagonal entries of f, are even) and

a - 0
b———0O=*1,
Ddetqu

while g; o - indicates a one-dimensional summand (gd) with

0,0 0-10
O-0=%x1, 0—QO=+1lor -1
090 090
respectively.
4 - B40; i 2- i i ;
For example, (8" 8), = 1 80 is written 4“7, while the one-dimensional form

204 is4;, since

o O O-10
Dgl]:_la DTD:"']-
0~ o 0 0

For p = 2 there are many essentially different Jordan decompositions. For instance

(2) O E‘i gg, with symbol 2% 42

is2-adically equivalent to

(10) O gs ;;5%, with symbol 2; 42* .
5 5

For a complete description of these equivalences see (Conway & Sloane, 1988, Chap. 15,

87.8). In simple cases their effect is usually just to make some of the signs redundant, in
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which case we omit such signs from our genus symbols.

Our name for the typica lattice L, of Table 1 is usualy a fairly straightforward
abbreviation of the genus symbol, omitting unnecessary information, except that we feel
free to use the symbols

dp, dn dn
for

aunique, uniqueTypel, uniqueTypell

indecomposable n-dimensional lattice of determinant d (when such a lattice exists).
Also, when the dua quotient LE/ L, is cyclic, we attach the signs from the different p-
adic symbols directly to the number d, in decreasing order of p, and omitting unnecessary

final signs.

4. Enumeration of lattices of determinant 23 by the method of complementation

In this section we describe the first of our two basic methods of enumeration, the
technique of ‘‘complementation’’, and use it to enumerate lattices of determinant
d = 23. Theideais to glue the unknown lattice L to a low-dimensional lattice K of a

genus which isin a sense complementary to the given one.
We say that two lattices K., and L, are t-complementary if their direct sum
Km O L, hasindex tinanintegral lattice M 4. If thisisthe case then

det K, - det L,
det Mpmsp = T : (8

In particular, any lattice K ,, of genus either | ,(23%) or 11,,(23") is 23-complementary

to any lattice L,, of genus either 1,(237) or 11,(237), with det M+, = 1. An
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unknown lattice L,, of genus 1,(237) or I1,(237) can therefore be found as the
orthogonal complement K of the *‘complementary’’ lattice K, of genus | ,(23%) or
Il (237) in aunimodular ‘*mother’’ lattice M ,+, (and of course the same statement is

also true with the +' s and -’ s interchanged).

We apply this with K, = 234, of genus I 1(23"), generated by a vector v say of
norm 23, and with K, = 233, of genus13(237 ), generated by three vectors a, b, ¢ with

Gram matrix

5 1 00
m 3 10, 9)
M 1 20

and thus obtain the following result.

Proposition 1. Any lattice L, of genus|,(237) or Il ,(237) can be found as the lattice
v orthogonal to a vector v of norm 23 in a unimodular lattice M,,;. Any lattice L, of
genus 1 ,(23%) or 11 ,(23*) can be found as the lattice K" orthogonal to a sublattice

K = 233 =<a, b, ¢>with Grammatrix (9) in a unimodular lattice M, + 3.

We begin by finding the indecomposable lattices of genus|,(237) or 11 ,(237). By
referring to Table 1 we see that, for n < 7, M,+1 must be |, +1 (since Eg has no vector
of norm23). Then v is without loss of generality one of the following. (For by
Ssymmetry we may suppose the coordinates in v are nonnegative, and if any coordinate is

zero then v has a summand | ; and so is decomposable.)
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v Shape of v"
3321 A0,
42111 A,0O,
322211 A,A; O,
3311111 A4AL0; (10)

41111111  AgO,
22222111  A4A,0;
322111111 AgA,0,

Weillustrate how to find the precise structureof L, = v inthecasev = 4211 1.
We first find the Witt part of v, and its Kneser shape (defined in §2). In this example

v contains two independent vectors a and b of norm 2:

O 0T o<
[ I 1 | I B B
PFR,POOM
PNOON

1
-1
1 -1 (11)
0
2

NOORLPEFR

and the Witt part of v is the lattice A, of determinant 3 that they generate. Then the

Kneser shape of v"

iIs Ao, M,, where the residual lattice M, is a two-dimensional
sublattice of v" that is also orthogonal to this A, and contains no vectors of norm 1 or 2.
It is easy to see that M, is generated by the vectors c and d in (11) (of norms5 and 14,

and inner product 1), so that
M, £(5% 14), ,
of determinant 69. It remainsto find the glue. Since
det (A, O M,) =3-69 = 3223,

A, O M, hasindex 3inv". Insuch asimple caseit is easiest to guess the glue vectors.
We observe that the glue vector v:(c + d) for M5, which we abbreviate to [%s %3], has

integral inner product with each of ¢ and d, and so belongs to M ZD. This glue vector has
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norm

5+2-1+14 _
32 -

7
—3_ ’

and so can be glued to the glue vector [1], of norm 2, for A,. (The glue vectors for A,

D,, E, aegiveninthe Appendix.) So apossiblegluingis

A5(51 14),[1 % %] .

But since our argument shows that v" is the only lattice of genus | 4(237) or 114(237),

this must be the structure of v-.

Had there been any difficulty in guessing the glue vectors, we could have explicitly

ad

computed more generators. In this example it is easy to see that v- is generated by

A, O M, together with the vector e = (0, -1, 1, 1, 0), which we resolve into the two
2-spaces of A, and M, as

e =(0,0,%, %, —3) + (0, -1, 3, %, %) .
The first vector isthe glue vector [1] for the A,, and the second is¥s(c + d).

The smallest lattice 23, found in thisway comesfromv = 3 3 2 1, and isthe lattice

233 = <a, b, ¢> defined by (9).

Next we use Proposition 1 to find the indecomposable lattices of genus | ,(23%) or
I1,(23%), by looking for sublattices K = 233 = <a, b, ¢> in a unimodular lattice

Mn+3.

If Mph+3 = I h+3 thereare six possibilities for the vectors a, b, c:
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a=2+00

b=+-+0

c=00++,
a=2+000
b=0+++0
c=000++,
a=++++ +
b=++-00
c=+00-0,
a=++++ +
b=++-00
c=00-+0,

a=+++++00
b=0000+ + +
c=000-+00,
a=+++++000
b=0000+++0
c=000000+ +.

In the first four cases K" is aone- or two-dimensional lattice, namely

231, (38),, (4'6),, and (2112),
— we omit the analysis, since these lattices are more easily obtained by Gauss' theory of

reduced forms (see §7).
In the fifth case K contains the vectors

d
e
f

I 1mn
o O +

o + |
o |1 O
oNoNe)
oNoNe)
+ OO
I © O

generating A, [ A4, and the shortest vector in K" perpendicular tod, e, f is
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g=444-6-633,
of norm 138. So K" is
AyA;138,[1 1 %]

(the glue vector [1 1 %] being found as before). The last possibility can be analyzed

similarly, and leads to

A3(3131),[1 % ] .

Ifn< 7,sothat n + 3 < 10, the only other possibilitiesfor M, ,3 arel; [0 Eg and

I, O Eg (since Eg itself has Typell). Theseyield four more lattices, namely
Dg(8%12),[1% 0, 20 %] and Dg 924 [1 %] (12)
if Mg = 1; O Eg, and
Eg 691[1 %] and AzA;(14%19),[1 1 ¥10 %] (13)

if M1g = I, O Eg. Theanalysis of these cases involves heavy knowledge of the action
of the automorphism group of Eg on various configurations of vectors. We illustrate by

showing how the first lattice in (13) was found.

We must first find K = 233 = <a, b,c>inl, OO Eg. One of the two possibilities

isto take
a=21020 0
b:01, bl -b8
c=00,¢cq ... Cg

Then from (9) the vectors by ... bg and ¢, ... cg must generate a sublattice A, of Eg.
Since the automorphism group of Eg is known to be transitive on sublattices A, for

0 < r < 8, we may choose
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a=2+00000000
b=0++000000 +
C=00; %2 % % % ¥ ¥ 4 ¥y |

and then proceeding as before we find that KM = Eg 6941 ¥].

The following table summarizes the indecomposable n-dimensiona lattices of

determinant 23 forn < 7.

Lattices

23,

A1461[1 %], (416)2, (3'8);

A1(5°10), [1 0 %]

A5A1138; [11 %], Ay(5114) 5 [1 ¥s Y]

A3(3'31)5 [1 % %], AgA1 (7321) 5 [1 1 ¥ %]

A4A12307 [2 1 0], D592 [1 %], D4(8%12),[1 %20, 2 0 %]

Ee691 [1 %], Agl61y [3 %], AgA,345, [1 1 %], AgAq(14519)5 [1 1 Y10 3]

N~ o o0~ WO N P S

Determinant 19. A similar analysis show that the indecomposable lattices of

determinant 19 in seven dimensions are

197 = AsOz = A5 (10% 13), [1% %]
obtained fromv" in | g, and

197 = D50y = D5 (5% 16); [1%: %] ,

obtained from<a, b>"inl,; O Eg, wherev, a, b are the vectors

v=32111111,
a=2;2++00000,
b=0;+-000000.

<v>hasgenusl;(197)and <a, b>hasgenus|,(197).
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5. Enumeration of lattices of determinant 24 by the method of supplementation

In this section we describe the method of ** supplementation’” and use it to enumerate
lattices of determinantd = 24.
Proposition 2. Any lattice L, of determinant 4d is a sublattice of index 2 in a lattice M,
of determinant d.
Proof. The dual quotient group LS/L,, has asubgroup of order 4. If thisiscyclic let v be
an element of order 4. Then2v - 2v = 4v-vO L, - LY 0 Z, soM,, = <L, 2v>is

integral and contains L , as a sublattice of index 2.

Otherwise LF/L, contains a four-group {0, u, v, w} withu + v+ w = 0. The
norms N(u), N(v), N(w) arein % Z, since 2N(u) = 2u - u O Z. They cannot al be

congruent to ¥= modulo 1, since

O=N(u+v+w) =N(u) + N(v) + N(w) + 2(u-v+vVv-w+ w:-u

N(u) + N(v) + N(w) (mod 1) .
If say N(u) O Z thenwemay takeM, = <L, u>.
Proposition 2 implies that we can write L, as the kernel of a linear map from M, to
Z[/2Z. Now any linear map from M, to Z isamap
X > X-v (xOMyp)
for somev O ME. Thuswe have established:

Proposition 3. Any lattice L, of determinant 24 is a sublattice v7? of a lattice M, of

determinant 6, wherev [ MEand

v = {xOM,:x-v=0 (mod2)}.
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Since v™? is unchanged if a member of ZME is added to v, the value of v is only

important modulo ZME. Moreover, if M, is a nontrivial direct sum of several lattices,

the coordinates of v must not vanish in any summand.

Examination of Table 1 shows that to find all L, with n < 7 we must consider these

possibilities for M ,:

| O 61, lm 0 A; O34,
Im O AL OAy, Iy OAs,
Eg 0 Ay, Dg 61[1 %].

SupposeM,, = I, O 61 (M = n — 1), thelattice of vectors

(X1 ... Xm; YV6) ,
wherex; ,..., Xy, Yy O Z. Theonly v O MEfor which no coordinate vanishes when
we work modulo ZME is
v=(11..1; %/6)

and then v™2 is (assuming m = 4)

Dy 24,[2 %] . (14)
(The generator of 244 is (0... 0; 2V6) and the glue vector is (0...01; V6).) For
smaller values of mthe lattice (14) is

24, (if m = 0), (42 7), (if m = 1),

A% 24, [11%] (ifm=2), Az24,[2%](@(fm=23)
(compare Eg. (6)). Similar modifications for small m must be made to the lattices (15)-

(19) below — the results will be found in the summary table at the end of the section.
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In asimilar way we obtain
D (5'5),[2 %2 v2] fromM, = |, O A; O 3;, (15)
DmnA16181[200%, 01 % %] fromM, = I, O A; OA, . (16)

We next consider M, = I,, 0 A (m = n = 5). Now A55/2A5D has order 32 with

representative number
vg = (0 0O 0O 0 0) D
Vq, = (— PR PR PR P! Yy sz) (6)
Vo = (+ - 0 0 0 0) (15)
V3 = (]42 Yo ¥ =Y =Y - sz) (10)
So v must be
v=(11...1;v;), i=123.
In the three cases v"? is
DmA41204[2 1 %10] (a7
DmAzA112,[21 1%] , (18)
D A524,[211 %] , (19)

respectively.
If M, = E¢ O A, there aretwo cases:
V=vVy +[1l] andv =v, + [1],

where vy, and v, are elements of norms 4s and 2 in EE, and [1] isthe glue vector for Ay,

yielding

D5 81 121[1 Yy ]/4] and A5 A]_ 81[3 1 ]/2]
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respectively.

We omit the analysis of the final possibility for M,, Dg 61[1 %], which yields five

further lattices

Ds 4y 24,[1% %] , Ag6q 241[1% %],
A5 61 241[1 Y2 ]7'6] y A5 31 121[2 Y3 ]1'3] y
A3 24,[11v] .

The following table summarizes the indecomposable n-dimensional lattices of

determinant 24 forn < 7.

n Lattices

1 24,

2 (4°7)2,(5'5);

3 A?24,[11%],A16,8;[1% %], (3%41371),

4 Az 241[2%],A7(5'5)2 [1 1% %], Ay 61(3'3); [1 % % %]
5

D424,[2 %], Ag 1201[2 %], A3(515), [2 ¥2 ¥2],A324, [1 1 %3],
A36,8,[1100%,001 % %]

6 Ds524,[2%], D4(5%5), [2 %2 v2], Ag(4231) 5 [1 25 ¥s], AgAq 41 121 [1 1 %2 vd],
A3A16,81[200%, 01 % %] , A5(4°7),[11 % %]

7 Dg241[2%:],Dg4,24,[1 % %], D581121[1 ¥ %], D5(55), [2 ¥2 %], AsA184 [3 1 %],
A53112,[2 % 4], Ag61241[1 % Y], Ag6,241[1 ¥2 %], D4A161,8,[200 ¥, 01 % %],
A4A71201[1 11 %], A3241py 1 %], AgAT12,[111 1 %], A5A7241[11 11 %]

6. Enumeration of lattices of determinant 25 using both methods

In this section we find the indecomposable lattices of determinant 25 and dimension
n<7.
Proposition 4. Any lattice L, of determinant d divisible by p2, p prime = 3, is either of
index p in a lattice M , of determinant d/p?, or else the p-part of the genus symbol isp?~

ifp =1(mod4)orp?*ifp=- 1(mod4).
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Proof. If the dual quotient group LE/ L , contains an element v of order p? then (asin the

proof of Proposition 2 for thecasep = 2) wemay takeM, = <L, pv>.
Otherwise the p-part of LE/ L ,, can be regarded as a vector space on which the map

X > XX (mod 1)
isaquadratic form. If this space contains a nonzero isotropic vector v then we may take
M, = <L,, v>. This certainly happens if p® divides the determinant, and when
p? md it fails just in the indicated cases (when the quadratic form has Witt defect 1).

When it does fail we fall back on the method of complementation.

In particular, when p = 5, if the unknown lattice L, has genus | (5% ) or 11 ,(5%7)
it is 5°-complementary to any particular such lattice, for example to the lattice

K3 = 5, O 5, generated by vectors a, b, ¢ with Gram matrix
O
0 315. (20)

Thus we have the following result.
Proposition 5. Any lattice L, of determinant 25 is either of index 5 in a unimodular
lattice M, or is the lattice K" orthogonal to a sublattice K = 5, 0 5, =<a, b, c>
with Gram matrix (20) in a unimodular lattice M, ;3. Inthefirst case L, can be written

asL, = vP®inM,, wherev O M{ and
v = {xOM,:x-v=0 (mod5)}.

The second case occurs just when the genus of L, is1,(5%7) or 11 ,(5%7).
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In the first case (supplementation), when n < 7 we need only consider M, = I,,.

The vector v can be taken without loss of generality to be

v=12  i+j=n,
since there are symmetries changing the signs of the coordinates. The resulting lattice L,
will be denoted by W;;. Since the coordinates of 2v are congruent modulo5 to

2'(- 1)), weseethat W;; W ;. Weasoset W; = W,. There are now nineteen

caseswithn < 7, but

Wiy =51 051,Wp =505, Ws =51 05y

are decomposable. The other sixteen lattices are listed below.

Second, to use complementation, we must take M, .+3 to be 1,43, I, O Eg or
I, O Eg (sincen < 7), and find al sublatticesK = 5,4 0 5, = <a, b, ¢> with Gram
matrix (20). Noting that <— a, b, c> = <a, b, ¢> and that L, is decomposable if
<a>and<b, c>liein digoint direct summands of M, , 3, we obtain only the following

cases.

a=+++++0
b=+-000+ inlg, yielding5; O 55,
c=+0-000

a=+++++00

b=+-000+0 inl-,yielding A,(10%10), [1 ¥ %3],
c=00000++

a=+:20000000

b =

= Y2 Y Y Y Y Yy Yy Y inl, O Eg,yielding5, [0 54,
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a=0+,20000000
b=+0;,0+-00000 inl, O Eg, yielding
c=00;,0+0-0000

Da(7t 71 773)3[1 %% 0, 30 % %] .

The following table summarizes the indecomposable n-dimensiona lattices of

determinant 25 forn < 7.

Lattices

25, =¥,

A1504[1%] =¥,

Ap751[1%] = W3, A1 (3M17),[1%%] = Wy

A31001[1 %] = W4, Ap(4119), [1 % %] = W g1, Ax(10°10), [1 % ¥]
A3(8%13), [1 4 %] = Wy, ApA1(11%14), [1 1% %] = W g

As150,[1 %] = Wg, Ag51251[22%5 %] = Wy, A3A1(6%34)5[10% %, 21 % 0] =
W4, A5152[11%0,120%] = W5

7 Agl75.[2%] = W5, Ag10,15,[1 % %] = W, Da(7'32773)3[1 %% 0, 30 ¥ ¥,
A4A151501[1 1 4s 3/10] =y 52,A3A2(7143)2[1 1 Y 5/12] = l1—’43

o o~ W N - S

7. Thetables

Table 0 contains a summary. The typical entry gives the Kneser shapes of the
indecomposable lattices of determinant d and dimension n, or just the number of such
lattices (in parentheses). A star indicates a dimension in which there are two or more
indecomposable congeners. For the continuation of the d = 1 column see
Borcherds (1984, 1988), Conway & Sloane (1982, 1982b, and 1988, Table 16.7), and for
the continuation of thed = 2 and 3 columns see (Conway & Sloane, 1988, Tables 15.8,

15.9).
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Table 1 gives al indecomposable n-dimensional lattices L,, of determinant d < 23
below the critical dimension. The first column gives our name for L, (described below),
and subsequent columns give its Kneser shape (see 82), generators for the glue (using the
conventions described in 82), its genus (see 83), and the values of g; = g;(L,) and
02 = go(L,) (see EqQ. (2)). We note that gg(L,,) = 1 for al the lattices O, O,, O3

that appear in this table.

The lattices were found by the methods described in 884, 5, 6, except that for
dimension 2 we used Gauss theory of reduced forms (see (Gauss, 1801), (Edwards,

1977), (Conway & Sloane, 1988, Chap. 15)).

Table 2 gives the lattices of determinant d in the critical dimension.

Appendix. Properties of root lattices

In this Appendix we list the glue vectors, glue groups and automorphism groups for
the root lattices. We make very extensive use of this information. Further properties of

these lattices will be found in (Conway & Sloane, 1987, especially Chap. 4).

The typica glue vector for A, (n = 1) is

Lo O i -] -
I :Dia"la ’ 1---1 ’
[1] Dn+1 n+1 n+1 n+1g

with j components equal toi / (n + 1), and i components equal to — j / (n + 1), where
i+j=n+1and0<i<n Thenormof[i]isij/(n+ 1). Thegluegroup iscyclic
of order n + 1, with addition [j] + [k] = [j + k]. Automorphism group: Gg is the
Weyl group of A,, which is the symmetric group S | + 1 of al permutations of the

coordinates, and G is the group of order 2 generated by the negation of all coordinates
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(whichinterchanges[i] and [n + 1 — i]), except that G; = 1whenn = 1.

The glue vectorsfor D, (n = 4) are

[0] =(0,0,...,0), norm O,
(1] = (%, %, ..., %), norm n/4 ,
[2] =(0,0,..., 1), norm 1,
3] = (%, % ,..., = %), norm n/4 .

The glue group is a 4-group ([i] + [i] = 0) if nis even, or a cyclic group of order 4

([1] + [2] = [3])if nisodd. Automorphism group:

3! (dl perms of [1], [2], [3]) ,
2 (interchange [1] and [3]).

n=4: gg=2%"41, g1

2"~ 1.nl, g

nz4: do

Go is generated by all permutations together with sign changes of evenly many
coordinates, and G, contains the sign change of the last coordinate and, for n = 4 only,

the Hadamard matrix

|
I

|
[
I B

]
H4:V2|:h-
-

I i i
L T S

[

The only glue vector for Eg is[0] = (08), since ESD = Eg. Automorphism group:
go = 2% 3% 52 7 = 696729600, g; = 1. Gg isthe Weyl group W(Eg), generated by

all permutations of 8 letters, all even sign changes, and the matrix diag {H4, H4} .

The glue vectorsfor E; are

[0] =(0,0,0,0,0,0,0,0), of norm 0,
[1] = (¥4, Ya, Ya, Ya, Y2, Ya, — %, — %) ,  of norm % .

The glue group is cyclic of order 2. Automorphism group: Gq isthe Weyl group W(E-),
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of order go = 21° - 3* - 5- 7 = 2903040, g; = 1.

The glue vectorsfor Eg are

[0] = (0;0,0,0,0,0,0;0), of norm 0,
[1] = (0; — %, — %3, ¥3, ¥3, ¥, %; 0) ,  of norm 4,
[2] = -[1], of norm 4; .

The glue group is cyclic of order 3. Automorphism group: Gg isthe Weyl group W(Eg),

of order g = 27 - 3* - 5 = 51840, G, iscyclic of order 2 (generated by negation).
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List of Table Captions

Table 0. Summary table, showing Kneser shapes of indecomposable lattices of
determinant d and dimension n. The symbol (k) indicates that there are k lattices, and

(K) Hthe presence of congeners.

Table 1. Indecomposable lattices of determinant d < 23 below the critical dimension.
An n-dimensional lattice of determinant d is named d,, where d may be factorized, and

possibly have signs or primes attached. For full explanation of the notation see the text.

Table 2. Supplementary table, giving indecomposable lattices of determinant d < 23

in the critical dimension n, with congeners indicated by [1
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0, 0, 0,
Ao — A10q
_ As _
_ D, A4
_ Dg _
Ee D¢ —
— D+ EeO1

E;O; Dsg E;O;

D,0;
_ Dy _
DgO;,
E7A104
DO, D10 AgAq
DgA? E.A,0;

E;A3

D7A104

AgO4q

E,O;
EeA10,

AgOq
E,O,

DO,
DgO,
D,A,0;
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12

13

14

15

16

17

18
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Table 0 (cont’d)

d=2 d=3 d=4 d=5
D10A1 A1p D11 A1p01
DgAs DgOy
E,A3A;
— D10A10, (6)" (4)"
E,As
E7Ds A Of
E§ O
A1301 (4"
DAL
DgDgA1
"

@"
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Table 0 (cont’d)

1 0, 0, o]} 0, 0, 0, 0,
2 0, A0, — A0, 0, A0, 0,
O,

3 A0, — A,0, — A70, A,0; —

A;0,0; A0,

4 A0, A0, — A,A;0;  A30, A;0; —
A0,
5 D40, A,O; — A,0; D,O; — A,0;
AsA; 0, AsA; 04
6 D50, As04 As0,4 D50, D50, As0, —

D4A101 A4A101

7 Az AgO; DgO1 EcO; 4) D50, EgO1
DsO; AsA104

8 (4 (5)" — 3)" (6) (5)- DO,
AgO0104

9 (8 (4" 1" 4"

10  (6)"



As0;

A30,

D504
As0q
D,O,

AgO;
As0104

G-

Ay0q
Af0,

A3O,
As0;
A7O%

()

(7)

(9)

(13)"

Table 0 (cont’d)

d =17 d=18

o] o]

A10q —

O,

A10; A10;

A3z0q A;0104
AsA104

A302 A30101

A4A10;  A40,

3" 6"

A7O,

A,O;

@"

D50,
As0>

A70;
A10,0

A3z0q
A0,
A70,

Q)

(5)

@~



A30,
A0,

A,O;

(4)

DO,
As0;
As0;

OF

Table 0 (cont’d)

A,0;
A0,

Ay0;

A3zA104

As0q

A40O,

@"-
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A3z0;
A;A10;

3"

@"

(6)

(13)"

As0q
A0

A3z0q
Ay0;
Ay0;

Az0;
AA10;

@"

6"



D10A1
E,Dg
Az7q

DgDgA1

D14A1

Dg12,
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[1]
[11]
[4]
[(12)]
[1]
[41]

[11]

[11]

[4 %]
[111,320]

[11]

[1%]
[1 %]

Genus

11(1)
g(1)
112(1)
114(1)
115(1)
116 (1)
I116(1)
117(1)

111(2)
1+(2)
111(2)
113(2)
114(2)
115(2)
1115(2)

11(3%)
12(37)
1g(37)
1g(37)
110(37)

e

N N N N DN

«
N

P RPN RN R R R

e e

N S N e
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Table 1 (cont’d)

Name Shape Glue Genus
31 An [6] 111(37)
312 E7As [13] 112(3")
3 D1oA161 [110,30%] 112(37)
313 A1239; [4 #s] 113(3")
313 E33; [11%] 113(37)
4, 44 — 111 (47)
4s As _ 115(47)
4, Dy — 114(227)
45 Ds — I15(4%)
4¢ Dg — g(2-2-)
45 D~ — 11,(4%)
4g Dg — l1g(22")
4l g Dg4y [1 %] lo(4+)
44 E;-A144 [11 %] lg(4-)
49 Do — g (47)

(2910 E7AR [1111] 110(2%)

(2:2)10  DgAf [111] l10(2 - 2)
410 Do — 110(2+2+)

411 E7A3A; [121] 111 (4+)

4~11 DgAs [12] 111(4-)

411 D11 — 1117 (42)

(o]
[N
(o]
N

N NN NN
N B R R

N N NN P R NN DNDNDNDDNDNDOO NN
P R R R N O R R R R R R R R R R
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Table 1 (cont’d)

Glue

[1 %]
[1 %]
[1 %]
[1 %]
[11 %]
[51]
[4 ¥u]
[1 va ¥a]

[1 %]
[11 %]
[4 %]
[1 %]
[1 %]
[1 %]

Genus

11(5%)
12(57)
114(5")
17(57)
1g(5")
Ng(57)
110(5")
110(57)
112(5%)
111(57)

1,3 - 2)
1s(3* - 2)
17(37 - 2)
1o(3* - 2)
110(3" - 2)

11.(77)
||2(7+)
13(77)
l6(7")
Ng(77)

(o]
[N

N N DN D D D DN N DNDN

N D D N DN

N DN D DD

«Q
N

R R R R R R R R R R

N S T

N N e



Name

73
78
73
79
(7)1
(7)1

710

Shape

E,14,
EcA;42,
Ag63;
E7(3'5);
Dg(428),
D, A,84;
Dg28;
EgA4105;
AgA;35;

81
(3'3);
Af8;
A38;
D481
D58,
D¢8;
A7
Ec244
D78;
Es(4°7)2
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Table 1 (cont’d)

Glue

[1 %]
[11 %]
[4 ¥]
[1 % %]

[1%0, 20 %]

[11 ]
[1 %]
[12 %]
[31 %]

[11%]
[2 %]
[2 %]
[2 %]
[2 %]

[1 %]
[2 ¥]
[1 Y5 %3]

Genus

1g(7")
1g(77)
lo(77)
1o(77)
l10(77)
l10(77)
H10(77)
112(77)
111(77)

111(8%)
12(82)
13(8%)
14(8%)
15(8%)
16(82)
17(8%)
11,(8%)
1,(82)
lg(87)
1g(8%)

g1

N DN DN N DN NN DNDNDN

N L R

N e

«Q
N

N e T
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Table 1 (cont’d)

Shape

A744
DgAq14q
Dg81
EgA%24,
A7AL
DeA?
Dg81
E7A18;

91
A, 18,
A336,
A, 45,
As6,
Ag 631

10,
A,30;
As15,

DsA;204
D104
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Glue

[4 ]

[11 %]

[2 %]

[111 %]

[411]

[1111]

[1 %]
[11%]
[1 %]
[1 %]
[2 %]
[3 %]
[3 ]
[1 %]
[2 %]
[11 %]
[1%]

Genus

1g(8%)
lg(4-2)
l9(8%)
19(87)
19(82)
19(2-2-2)
119(87)
119(8%)

11(97%)
12(97)
14(97)
15(97)
16(3°7)
17(97)

.(5" - 2)
l3(5% - 2)
l6(5™ - 2)
17(5" - 2)
7(5" - 2)

g1

2% -

N

N N PN
e =

N N N DN

N DN N N DN

"02

N

- 3!

|_\

e

N e



Name

11,
115
115
11,
115
11¢
11%
117

12,
12,
124
124
12,
12y
125
12¢
12
124
1217
12*,

Shape

11,
(3'4),
A 22,

A A, 66,
A, 55,
Dg44,
Ee33;
Ag771

12,
(4%4)
A14,6,
A312,
A36,
A312,
A3A;6,
D412,
D4A16;
D512,
Ds4,124
AsA14,
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Glue

[1 %]
[11 %]
[1 %]
[1 %]
[1 %]
[2 4]

[1 %2 %]
[11 %]

[111 %]

[2 %]
[21 %]
[2 %]
[21 %]
[2 %]
[1 %2 %]
[31%]

Table 1 (cont’d)

Genus

1, (11%)
12(117)
1,(117)
14(117)
I5(117)
Ng(11)
17(117)
17(117)

1,(3% -42)
11,(3% - 227)
13(3" -47)
113(3" - 47)
14(37 - 2%)
14(37 - 2-2)
15(37 - 44)
l15(3% - 4%)
(37 -2 2)
l1g(3% - 22%)
17(3" - 44)
1,(3% - 4.)

g1

2 -

N N N D D D NDD

N N T T e

«Q
N

N e T = T S S S S S



Name

122,
124
121g
12-¢
(3% - 2%)g
(37 - 2%)s
(3-2-2)3
12¢
13,
13,
133
133
134
13§
135
13-

14,
14,
145
14y

Shape

DsA161
Dgl2;
A;24,

E3112;
AsA}

DgA161

DsA712,
D;12;

134
A;26;
A,39;

A1(319),
A352,

A4A71130,
A578,

D5(7%8)

14,4
(3'5);
AsA;28,
A4704
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Table 1 (cont’d)

Glue

[21 %]
[2 %]
[2 ¥4]
[1 % ¥

[3111]

[21 %]

[111 %]

[2 ]
[1 %]
[1 %]
[1 % %]
[1 %]
[21 ]
[1 %]
[1 % %]

[11 %]
[2 %]

Genus d: -
1,(37 - 4.) 22
11,(3*% - 4%) 22
(3™ - 44) 2
15(37 - 4.) 2-
lg(3*" - 22) 2
(3™ - 22) 22 .

(3% -2-2) 2
g(3* -2:2) 22

11(13%)
1,(137)
13(13%)
13(137)
11,4(13%)
l6(13%)
l6(137)
1,(137)

N.(7% - 2)
12(7" - 2)
15(7% - 2)
Ns(7™ - 2)

N N N N D NN NMNDN

N N N DN

S e T e T

e e



Name

(147)7

(147)7
14
144
145

15,
155*
155"
15,
15¢
154
155
155"
15%-
157~

Shape

Dgld,
AsAL42;
Eg4d24
Ag714,
Dg(3'5),

15,
A130;
(4'4),

A2 (6%9),
A315,
A510,

D4(8%8)
D560,
Ag105,

As56,15;

16,
(4%5),

(37137131,

A316,
A48,
A, (4%13),
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Table 1 (cont’d)

Glue

[1 %]
[2 1 %]
[1 %]
[2 % %]
[1 %2 %]

[1%]
MRERE
[11 %]

[3 %]

[1% 0, 30%]

[1 ¥]
[1 ]
[1 % %]

[11 %]
[1 %]
[1 43 %]

Genus

1.(7% - 2)
17(7" - 2)
N4(7" - 2)
1g(7 - 2)
lg(7" - 2)

11(57 -37)
1,(5% - 3%)
(5~ -37)
14(5% -37)
15(57 - 3")
lHg(5~ -37)
lg(5% - 3%)
l6(5™ -37)
1,(5% -37)
17(5" -37)

111 (16%)
12(165)
13(4%7)
13(163)
13(162)
1,(16%)

g1

N

NONNNN
b PP N

L S

T

=



Name

1654
(4-4)4
1635
1655
167
(4%)s
(4-2%)s
161
167 ¢
1656
164
(44 44)6
(4+ - 4-)6
(2%)6
1637
167,
1657
167,
(8-2)7
(4%%)7

Shape

A3164
Af4%
D416,
A,80;
A,A48,
Az4s
At4,
A4(4%21),
A3zA,48,
D516,
As24,
D443
A3Af4,
AL
Dg16;
Agll2,
A,A%780,
D4A,48,
As(4°7);
A34,

Table 1 (cont’d)

Glue

[2 %]
[11% %]
[2 %]
[1 %]
[111 %]
[2 %2 %]
[1111%]
[2 %5 %]
[21 %]
[2 %]
[2 %]
[2 %2 %]
[211%]
[111111]
[2 %]
[3 %]
[211 %]
[21 %]
[2 %5 %]
[22%]

Genus

14(16%)
14(4--4.)
15(16%)
I15(16% )
5 (167)
I5(47)
I5(4- - 2%)
16(167)
l6(16%)
l6(16%)
l16(8- - 2)
l6(4+ - 44)
le(4+ - 4-)
l6(2%)
17(16%)
I1,(16%)
17(16%)
1,(167)
17(8+ - 2)
17(4%7)

g1 -
22 -
22 .
22 -
2.
5.

N NP R R e

- 4

- 6!

N R R NP



Name

(4°7)7
(4-2%)7
(4-2-2);

17,
175
175
175
174
17,
17
176

18,
184
18,
185
18¢

19,
195
19;

Table 1 (cont’d)

Shape

D545
Az At
D,A?4,

174
A1344
(3'6),

A1(5'7),
A3681
A,A11024
A3(829),
A4A1170,

18,
A1(4%10),
A,3,18;
A36,12;
A4(7113),;

19,
(415),
A,38;

-45-

Glue

[2 3 %]
[21111]
[211 %]

[1 %]
[1 % %]
[1 %]
[11 %]
[1 v %]
[11 %]
[10%]
[1 ¥s %]
[1 %2 %]
[2 %5 ¥]

[1 %]

Genus

17(4%7)
17(4, - 22)

17(4-2-2)

1,(17%)
1,(17%)
1,(177)
13(177)
14(177)
1,(177)
15(177)
16(177)

11,(9” - 2)
13(9% - 2)
14(97 - 2)
15(3%7 - 2)
16(9% - 2)
1,(19%)

1,(19%)
11,(197)

J1

23

2
2% -

N

N N DN

N N N N DN NN DN

"02
-2

4!

N e T



Name

193
193
19,
195

20,
205
205
205
204
203
20}

(5% - 2%),

(57 - 22),

(204)5
(20%)8
(207)¥
(20-)5

(5-2-2)g

(545
(5 2%)%

Shape

A;(3%13),
A,57,
A%(8210),
A,95,

20,
(3'7);
(426),

(313131),
A%20,
A14,10,
AL (3'7);
A320,
A310,
A34,20,
D420,
A3A;10,
A,A14,30,;
A3(3'7);
D4(3'7)
A,A330,

- 46 -

Table 1 (cont’d)

Glue

[1 % %]
[1 %]

[11% 0,100 %]

[2 %]

[11%]
[1 ¥ %]
[1 1% %]
[2 %]
[111 %]
[1 ¥z %]
[2 %]
[2 1 %]
[1 1% %]
[2 %2 %]
[2 vz %]
[1111 %]

Genus

13(197)
13(197)
14(197)
15(197)

1,(5% - 47)
1,(57 - 42)

N,(5% - 2_-2_)

13(57 - 2%)
l13(5% - 4%)
l153(57 - 42)
14(57 - 4%)
l14(5% - 22%)
l14(57 - 227)
I5(5% - 44)
5(5" - 4%)
15(57 - 45%)
I5(5% - 4.)

Is(5~ - 2- - 2.)

16(5~ - 4_)
(5% - 22)

N NNN
N e

N DN
=

N
N N

23!

N
N
T

2-3!



224
224

Shape

A3 A220,
D520,
D4A;10;

214
(5%5),
A.1424

(3'3%3%3
A%(10%10),
A384,
A,4105;
As14,
A3A16,28;
A3A,42,
A4(6%19),
As(9°15),
As(3'5);
D5(8%11),

22,
A1(6°8)
A,66,

-47 -

Table 1 (cont’d)
Glue

[111 %]
[2 %]
[21 %]

[1 %]
[10%0, 010 %]
[1 4]

[1 %]

[3 ]
[110%, 21% 0]
[111 %]

[1 25 ¥s]

[1 ¥z %]

[3 %2 %]

[1 va %]

[1 % %]
[1 %]

Genus

l6(5% -2 2)
(5" - 24 - 24)
Ne(5™ -2_-2_)
3"')

. 37)
3_)
. 37)
3"')
3+)
3_)
3+)
3_)
.3+)
-37)
.3+)
3"')
. 37)

11(7~
|2(7+
1,(7"
13(7~
| (7"
1 4(7"
l5(7°
|6(7+
lg (77
lg (7~
lg (7~
17 (77
17 (7"
17 (7"
I,(11" - 2)
I5(11 - 2)
5(11" - 2)

J1

2 -
2% -

" 02



Name

22,
22;
22%
225

23,

-48 -

Table 1 (cont’d)
Shape Glue Genus

Ap(7710), [1wa¥s]  1,(11% - 2)
AsA144, [11%] llg(11* -2)

As533; [2 %] lg(11* - 2)
A4(3'37);  [1us%]  1g(117 - 2)

23, — 1,(23%)

g1

N

N NN N DN

N N



134

144

- 49 -

Table 2.
Lattices

A;7A;[31] ODpE;A;[110,301] OA3[13] ODE[(211)]

A11A5[2 2] OAgE15,[2 1 ¥is]

D13121[1 %], A;;A3[31] OE;Dg6,[110, 03%], DgD512,[120, 33 4]
Dip, A1131[4 %], Ay1121[2 %], E;D4A; [111] ODE[11], DgD4[11]

D1120,[1 %], D1gA;104[110, 30%] OEgDg60,[1 1 %],
DgA320,[320, 11 %]

D1964[1%], DgA?64[1110, 201 %] ,E;A312;[11%] ODgAs[1 3]

A11211[2 %] ODgA1(6210),[01 0%, 11 % %] OE7A470,[1 1 %] O
DgAs42,[330, 12 %], D1gA114,[110, 30%] OA;gA;154,[3 1 %] O
AgA,210,[3 1 %] OE;A3A128,[1210, 011 %]

Dg81[2 %] O Dg(3'3),[1 % %] ,E;A;(3'3),[1 1% %] ,A;A3[42],
EgA324,[12 %], DgAzA[12 1]

Ag OE;18;[1 %], D7361[1%],A772,[3 %],Dg6%[1%: 0, 30 ¥]
Ag, E7(4%6),[10 %] ODgA,30,[11%],A7A;40,[3 1 %]
E;22,[1%] O0Dg(6%8)2[1% 0, 20%] ,AgA;154;[3 1 ]

Dgl2,[1 %], Dg12,[2 %], E;A112;[11 %] OA5A3A1[321] ,E74,64[1% %],
D;A164[21 %], A7(4%7),[2 % %], Eg31(4%4),[1 % s %], DgA14,61[11%0,210%] ,
DgA14161[11%0,21%%], DgA312,[1 2 %]

E,26,[1 %] DEqA,781[11%] ,D752,[1%] OD5A,1564 [1 1 ¥z] ,
Eg(5'8)5[1 ¥ %]

D7;A;1284[11%], D7(6%10),[1 % %] OD5A,A;84,[111 %] ,
DgA1(4%8)2[11%0, 200 ¥]



154

164

174

18-

194
20

214

22,
23,

-850 -

Table 2 (cont’d)
Lattices
E;30,[1%] OA5A»30,[31%], Dg67101[1% 0, 30%], AgA1210,[2 1 ¥14] ,
D5A161201[110%, 21%0]

D,164[2 %], A781[4 %], E(8%8),[1% %] ,DgA181[11 %], Dgd[2% %] O
D5A%4,[211 %], Ag(4229),[2 % %], D5A,48,[2 1 %], AsAZ24,[21 1 %] ,
D4A34,[22 %], D4AT[21111], AjA380,[2 2 %0], AZA%[2211]

Eg511[1 %] OD5(323)5[1 ¥ %] , AgA»255,[1 1 %]

Dgl181[1 %] OAg126,[2 %], DgA1364[11 %] ,A56,187[1 % %] ,
D4A16%[11%0, 310 %]

Dg761[1 %] OAg1141[1 %], Aq(9211), [12%s %], AzA»228,[1 1 ]

Eg60,[1%] ODgA;10,[21 %] ,Dg20,[2 %], D5(317),[2 %2 %], D5(8%12),[1 %2 %] ,
AsA1601[11 %], A320,[21 %], A3A,A1301[21 1 %]

D7841[1 %] OD4A,(12024)5[1 1% %, 200 %] ,Eg31211[1 % %] O
AsA16142,[11%%,010%], Eg61421 [1% %] OE742,[1%] , Dg67141[1%0,30%] O
A4A34201[2 1 ¥0], Dg(10%10),[1%: 0, 30 %], D5(5%4157 1) 5[1 va vz %]

Dg22,[1%] OD4A1(6%8)5[11% 0, 200%] ,As154,[1 %], AsA1(14%16),[1 1 Y10 310]
A146,[1%] O(4'6),, (3'8),
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